GEOMETRY AND INTERSECTION THEORY 
ON HILBERT SCHEMES OF FAMILIES OF NODAL CURVES 



ZIVRAN 



Abstract. We study the relative Hilbert scheme of a family of nodal (or smooth) 
curves, over a base of arbitrary dimension, via its (birational) cycle map, going to 
the relative symmetric product. We show the cycle map is the blowing up of the 
discriminant locus, which consists of cycles with multiple points. We work out the 
action of the blowup or 'discriminant' polarization on some natural cycles in the 
Hilbert scheme, including generalized diagonals and cycles, called 'node scrolls', 
parametrizing schemes supported on singular points. We derive an intersection 
calculus for Chern classes of tautological vector bundles, which are closely related 
to enumerative geometry. 
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Consider a family of curves given by a flat projective morphism 

7T : X -> B 
over an irreducible base, with fibres 

x b = Ti^{b),be B 

which are irreducible nonsingular for the generic b and at worst nodal for every b. 
For example, X could be the universal family of automorphism-free curves over 
the appropriate open subset of M g , the moduli space of Deligne-Mumford stable 
curves. Many questions in the classical projective and enumerative geometry 
of this family can be naturally phrased, and in a formal sense solved (see for 
instance [12]), in the context of the relative Hilbert scheme 

x [ ™ ] =mb m (x/B), 

which parametrizes length-m subschemes of X contained in fibres of n, and the 
natural tautological vector bundle A m (E), living on X^ l \ that is associated to some 
vector bundle E on X (for example, the relative dualizing sheaf ux/b)- Typically, 
the questions include ones involving relative multiple points and multisecants in 
the family, and the formal solutions involve Chern numbers of the tautological 
bundles. Thus, turning these formal solutions into meaningful ones requires 
computing the Chern numbers in question. Aside from some low-degree cases, 
this problem was left open in [12]. Our main purpose here is to solve this prob- 
lem in general. More than that, we shall in fact provide a calculus to compute 
arbitrary polynomials in the Chern classes of the tautological bundles. In the 
'absolute' case E = u X /b, the computation ultimately reduces these polynomials 
to polynomials in Mumford's tautological classes [7] on various boundary strata 
of B. Fortunately these have been computed by Kontsevich [4] following a con- 
jecture by Witten. Note that the boundary naturally carries families of pointed 
curves (of lower genus), the points being node preimages, and the tautological 
classes involved will include the cotangent or ip classes on these. 
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The calculus that we develop is fundamentally recursive in m. The recursion 
involves flag Hilbert schemes, in particular the full-flag scheme W m = W m (X/B) 
studied in [12], as well as its 'flaglet' analogue x^' rn ^ 1 \ parametrizing flags of 
schemes of lengths m, m — 1. Its starting point is an analogue for x^ 1 '" 1 ' 1 ^ of the 
splitting principle, established in [12]. This result (Corollary 3.5 ) expresses the 
total Chern class c{A m {E)), pulled back to X [ ^ ,m as a product of c(A m -i{E)) 
and a simple 'discriminant' factor involving Chern classes of E and a certain 
discriminant divisor T (m) . In order to compute polynomials in the Chern classes 
of A m (E), we are thus reduced recursively to studying the multiplication action 
of powers of r( m ) on polynomials in c(A m _i(£')). 

Among other things, the Splitting Principle suggests the central role played by 
pM i n the study of the Hilbert scheme X^\ stemming from the fact that it effec- 
tively encodes the information contained in beyond the relative symmetric 
product X^K The latter viewpoint is further supported by the Blowup Theorem 
1 . 1 that we prove below, which says that via the cycle (or 'Hilb-to-Chow') map 

c . yH . v( m ) 
*m ■ -^B B i 

the Hilbert scheme is equivalent to the blowing up of the discriminant locus 



which is the Weil divisor parametrizing nonreduced cycles, and where T( m ) = 
t^(D m ), so that — r (m ) can be identified with the natural 0(1) polarization of the 
blowup. The Blowup Theorem is valid without dimension restrictions on B. 

Given the Blowup Theorem, our intersection calculus proceeds along the fol- 
lowing lines suggested by the aforementioned Splitting Principle. On each Hilbert 
scheme X^ , we identify a collection of geometrically-defined tautological classes 
which, together with base classes coming from X, additively generate what we 
call the tautological module T rn = T rn (X/B). These classes come in two main 
flavors. 

• The (relative) diagonal classes: these are loci of various codimensions 
denned by diagonal conditions pulled back from the relative symmetric 
product of X/B, possibly twisted by base classes; they are analogous to 
the 'creation operators' in Nakajima's work in the case of smooth surfaces. 

• The node classes: these are associated to relative nodes 9 of X/B, hence 
roughly to boundary components, and come in 2 kinds: the node scrolls, 
which parametrize schemes with a length > 1 component at 9, and are 
P 1 -bundles over a relative Hilbert scheme associated to the normalization 
along 9 of the boundary subfamily of X/B where 9 lives; and the node 
sections, which are simply (intersection) products of a node scroll by the 
discriminant r( m \ 
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Then the first main component of the calculus is the Module Theorem 2.1, which 
says that T m is (computably!) a module over the polynomial ring Q[r( m )]. In- 
cluded in this is the nontrivial assertion that Q[r^ m )] c T m ; this means we can 
compute, recusively at least, arbitrary powers of r( m ) as Q-linear combinations 
of tautological classes. 

Rounding out the story is the Transfer Theorem 3.3, which computes the trans- 
fer (pull-push) operation on tautological classes from X^ -1 ' to X^ 1 via the flaglet 

Hilbert scheme x^ 1 '" 1 1] , viewed as a correspondence. 

The conjunction of the Splitting Principle, Module Theorem and Transfer The- 
orem computes all polynomials in the Chern classes, in particular the Chern 
numbers, of A m (E) as Q-linear combinations of tautological classes on xj^. 

Note that if X is a smooth surface, there is a natural closed embedding 

jlrn] . x [rn] ^ W 

of the relative Hilbert scheme in the full Hilbert scheme of X, which is a smooth 
projective 2m-fold. There is a large literature on Hilbert schemes of smooth sur- 
faces and their cohomology and intersection theory, due to Ellingsrud-Stromme, 
Gottsche, Nakajima, Lehn and others, see [3, 5, 6, 8] and references therein. In 
particular, Lehn [5] gives a formula for the Chern classes of the tautological bun- 
dles on the full Hilbert scheme X^- m \ from which one can derive a formula for the 
analogous classes on X^ if X is a smooth surface, but this does not, to our 
knowledge, yield Chern numbers (besides the top one) on X^ m \ much less X^ 
(the two sets of numbers are of course different). Going from Chern classes to 
Chern numbers it a matter of working out the top-degree multiplicative struc- 
ture, i.e. the intersection calculus. When X is a surface with trivial canonical 
bundle, Lehn and Sorger [6] have given a rather involved description of the muti- 
plicative structure on the cohomology of X^ in all degrees, not just the top one. 
While products on X^ and x|™' are compatible ji" 1 ', it's not clear how to compute 
intersection products, especially intersection numbers on xj^ from products on 
X\ m \ even in case X has trivial canonical bundle. Indeed some of our additive 
generators directly involve the fibre nodes of the family X/ B and do not appear to 
come from classes on ll m L However, note that the class of surfaces with trivial 
canonical bundle that fibre (via a morphism, not a rational map) over a smooth 
curve is very small (and even smaller if one assumes at least one singular fibre) , 
so the potential intersection between our work and [6] is very small. Besides, our 
calculus works for a higher dimensions as well. 

The paper is organized as follows. A preliminary §0 defined certain combina- 
torial numbers to be needed later. Then Chapter 1 is devoted to the proof of the 
Blowup Theorem. Actually it is the proof, rather than the statement, of the The- 
orem, that is of principal interest to us. The proof proceeds by first constructing 
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an explicit model H m for the cycle map, locally over the base in a neighborhood 
of a cycle of the form the point m\p\ where p is a relative node (this cycle is an 
explicit, albeit non Q-Gorenstein lci-quotient singularity on the relative symmet- 
ric product); then, via a 'reverse engineering' process, we identify the cycle map 
as the blowup of the discriminant locus (this without advance knowledge of the 
ideal of the latter). In the sequel, our main use of the Blowup Theorem is as a 
convenient way of gluing the H n models, n < m together, globally over the base 

Chapter 2 is devoted to the definition of the Tautological Module T m and proof 
of the Module Theorem. As a convenient artifice, we first define the appropriate 
classes on an ordered model of the Hilbert scheme and subsequently pass to the 
quotient by the symmetrization map. 

In Chapter 3 we study the geometry of the flaglet Hilbert scheme X^"' m_1 ', 
largely referring to [13], and derive properties of the transfer operation. We then 
review the splitting principle form [12], which enables us to complete our clacu- 
lus. 

For a detailed sketch of the proof of Theorem 1 (though without all the details) , 
and some other applications, see [11]. 

Acknowledgements. I thank Mirel Caibar and Ethan Cotteril for valuable com- 
ments. A preliminary version of some of these results was presented at confer- 
ences in Siena, Italy and Hsinchu, Taiwan, in June 2004, and KIAS, Seoul, in 
September 2005, and I thank the organizers of these conferences for this oppor- 
tunity. 

0. Preliminaries 

0.1. Staircases. We define a combinatorial function that will be important in 
computations to follow. Denote by Q the closed 1st quadrant in the real (x,y) 
plane, considered as an additive cone. We consider an integral staircase in Q. 
Such a staircase is determined by a sequence of points 

(0,y m ), (xi,y m ), (xi,y m -i), (x 2 ,y m -i), (z m ,yi), (x m ,0) 
where < x 1 < ... < x m , < y 1 < ... < y m , are integers, and consists of the polygon 

B = (-oo, xi) x {y m } |J{:ri} x [ym-!, y m ] [J[zi, x 2 ] x {y m ^i} (J ... |J{x m } x (-00, yi}. 
The upper region of B is by definition 

R = B + Q = {(&i + ui, 6 2 + u 2 ) : (61, b 2 ) E B, u u u 2 > 0} 
We call such R a special infinite polygon. The closure of the complement 



S = R C :=Q\RcQ 
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has finite (integer) area and will be called a special finite polygon; in fact the area 
of S coincides with the number of integral points in S that are Q-interior, i.e. not 
in R; these are precisely the integer points (a, b) such that [a, o + l]x[J,ii+l]cS. 

Note that we may associate to R a monomial ideal T(R) < C[x,y] generated by 
the monomials x a y h such that (a, b) e RnQ. The area of S then coincides with 
dim c (C[a;, y]/X(R)). It is also possible to think of S as a partition or Young tableau, 
with xi many blocks of size y m , (x i+ \ — Xi) many blocks of size y m -i--- 

Fixing a natural number m, we define the basic specialjinite polygon associated 
to m as 



i=i 

It has area 



S 1 » = U[".( m " 2 i + 1 )]x[».( i 2 1 )l 



1 .fm + 1 — i\ m(m + 2)(m 2 — 1) 



1=1 



2 / 24 



and associated special infinite polygon denoted R m . Now for each integer j = 
1, m - 1 we define a special infinite polygon R m j as follows. Set 

P j = (m-j, -j)£l 2 , 

P m>j = R m U (iC + P,) U [0, oo) x [j, oo) 

(where R m + P, denotes the translate of R m by Pj in R 2 ). We also define Pf,Pj~ 
analogously with m — j replaced by m - j - 1 and m - j + 1, respectively. Then let 



C DC 



m— 1 



3=1 

We also define /3± • based on P+, P~ respectively. It is easy to see that 

(7Tl\ ( 777 \ / 777 — 1\ 

(0.1.2) &=f m o _1 Vl> 



2 

but otherwise we don't know a closed-form formula for these numbers in general. 
A few small values are 

fo,l =^2 = l 

/3 3 = (3,3),/5 3 = 6 
& = (6,8,6)^4 = 20 
& = (10, 15, 15,10), 5 = 50 
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A> = (15, 24, 27, 24, 15), A> =105. 
For example, for m = 5 the relevant finite polygons, viewed as partitions, are 

C _ 1 10 C _ q6i 3 o _ q5 c _ q2o2 
<~>5,1 — 1 , ^5,2 — * -L , ^5,3 — <J , >->5,4 — O Z . 

Set 

For an interpretation of the f3 m j as exceptional multiplicities associated to the 
blowup of the monomial ideal J m , see §1.6 below. 

0.2. Products, diagonals, partitions. 

0.2.1. Partitions, distributions and shapes. The intersection calculus we aim to 
develop is couched in terms certain diagonal-like loci on products, defined in 
the general case in terms of partitions. To facilitate working with these loci sys- 
tematically, we now establish some conventions, notations and simple remarks 
related to partitions. 

Given a natural number m, a partition in [1, m\ for us is a sequence of pairwise 
disjoint index sets 

h, ...,I r C [l,m] n z. 

Elsewhere this is sometimes called a 'labelled partition'. Two partitions are said 
to be equivalent if they differ only by singleton blocks and by renumbering of 

blocks. A partition in [l,m] is said to be full if \JI e = {1, ...,m}, irredundant if it 

e 

has no singleton blocks. Clearly any partition is equivalent to a full one with 
nonincreasing block cardinalities, and a to a irredundant one, again with nonin- 
creasing block cardinalities. 

We partially order the partitions by declaring that $! -< $ 2 if every non-singleton 
block of $! is a union of (possibly singleton) blocks of $ 2 . Thus $! and $ 2 are 
equivalent iff $i^$ 2 and $ 2 ^<!>i . 

Now by a length distribution (elsewhere called a partition) we mean a function 
n of finite support from the positive integers to the nonnegative integers. The 

total length of n is by definition n(£). To any partition (I.) there is an associated 

e 

length distribution n = (|/|), defined by n(£) = In light of these, there are 

natural notions of fullness (with respect to m), precedence and equivalence for 
distributions. 

Now given a distribution n, let m > n 2 > .., n r > 1 be its set of distinct nonzero 
values, i.e. the value sequence, and 

Ht=\{t:n(e)=n}\ 

be its frequency sequence (also called sometimes frequency function using the 
notation /ij. The shape of n is the (obviously finite) sequence 

(0.2.3) (n>>) = (nW»») = (...,m (Mm)) , I* * ™) = (n[ n) , n^) 
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where the exponents are taken formally with respect to the juxtaposition opera- 
tion (and all terms with zero exponent in the LHS are omitted). The shape of n 
obviously determines n, and indeed distribution and shape are equivalent data, 
each preferable in different situations, and will be used interchangeably. A dis- 
tribution is in loose form (resp. shape form) if it is written as (m > n 2 > ...) (resp. 

(r4 m) , ...)) where each m is the i-th member (resp. the i-th distinct member) of it, 
in nonincreasing (resp. strictly decreasing) order. 
The shape of a partition (/.), i.e. the shape of its distribution, is also written 

(|7.|) and has the form {n1 (I ' )<Jll \ ...,nf (L) ' nr ') where the ne,fxg = fi^.)(n e ) are precisely 
the heights and widths of the adjacent rectangles forming the Young tableau for 
(/.). Thus we may think of a shape (or a distribution) as an unspecified partition 
having the given shape or distribution. 

Next we define some natural operations on distributions that we will need. If 
(n'.), (n".) are distributions, we can define a new distribution denoted (n 1 .) U( n " ) 
by the condition that its frequency function fj, is the sum of that of (n'.) and (n n .), 
i.e. 

(0.2.4) /^(n'.)U(n".) — fl(ri.) + A^ra".)- 

This corresponds to the operation of disjoint union of partitions. For a distribu- 
tion (n.) and an integer k, we define a distribution (n.) \ k by 

(0.2.5) /i(n.)\fc — A*(n-) — Ife 

where corresponds to removing a block of size k from a partition. By convention, 
(n.) \ k — if (n.) has no block of size k; more generally, a distribution of shape is 
considered empty of the corresponding frequency function has a negative value. 

We define another operation (n.)~ e as follows: let n\ > ... > ng > ... be the distinct 
block sizes occurring in (n.). Then 

(0.2.6) «T* = (0 + 

which corresponds to removing a block of size n e and replacing it by one of size 
n e + I. Also, 

(0.2.7) u jt e(n.) = (n.) \ rij \ n e ||(rij + ng) 

which corresponds to uniting an rij and an n t block. 

Define multidistribution data as (m : n'\^) where (n') U(n") = {n)\ng, where (n) 
is a (usually full) distribution on [1, m\ (this notation, motivated by the partition 
case, indicates removing a single block of size m and breaking up the remainder 
into x type and y type). 

0.2.2. Products and diagonal loci. Now given any set X and partition (/.), we 
define the diagonal locus X (/ ■) as the set of 'locally constant', i.e. constant on 
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blocks, functions [jl. — > X. This is called the (ordered) diagonal locus corre- 
sponding to (/.). If X is endowed with a map to B, there is an analogous relative 
notion X^ referring to functions such that the composite |J I. — > B is constant 
(the extension from the absolute to the relative case involves no new ideas and 
will not be emphasized in what follows). The diagonal locus X 1 - 1 ^ is a subset 
(closed subscheme, if X is a separated scheme) of the cartesian product X m , and 
can be identified (isomorphically, if X is a scheme), in terms of the above shape 

r 

notation, with f] X w . 

1=1 

Now there is an unordered analogue of X^-\ depending only on the shape of /. 
and denoted X- or X (n ') or X ( U nM(n)) . This is called a symmetric diagonal locus. It 
coincides with the image of X^ 1 ^ in the symmetric product X^ m \ and can in turn 

r 1 

be identified with Yl X^ = ] ] X^( n )). Note the natural 'diagonal' embedding 

£=1 n=oo 

(0.2.8) S n .jt : X^ nrl) -> X (n - } x X 

Next, multidistribution data have to do with a situation where X comes equipped 
with a representation X = X' U X" ; the case X' = X" will require special treat- 
ment. The corresponding (symmetric) diagonal locus is 

(0.2.9) X^ = JJtX')^ x JJ(X") ( ^ } 

e t 

where n' = (n'.^'),n" = (n" .'*"). We view X* as embedded in (X') (n,) x (X")( n "), 
where n' = \n'\,n" = |n"|, the embedding coming from by the various diagonal 
embeddings X' -> (X') (n) which induce (X')^ -> ((X') (n ' } ) { ^ °; similarly for X". 
Note the natural map X* -> x( n ' +n "). 
If X' = X", we take n" = 0. 

Now, an obvious issue that comes up is to determine the degree of the sym- 
metrization map X^ — > X^ 1 \ To this end, let /. be a full partition on [l,m] with 
length distribution (n.). Let 

in(I.) < out(I.)(< & m ) 

denote the groups of permutations of {1, to} taking each block of I. to the same 
(resp. to some) block. Then 

aut(I.) = out(I .) j in(I .) 

is the 'automorphism group' of (I.) (block permutations induced by elements of 
6J. Let 

a(I.) = \aut(I.)\. 

Then a(I.) is easily computed: if (n.^) is the shape of (/.), we have 
(0.2.10) a(/.) = n(^) ! • 
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Clearly a(I.) depends only on the length distribution n = (\L\), so we may (abu- 
sively) write a(n) for a(I.). Significant for our purposes, but easy to verify, is the 
following 

Lemma 0.1. If I. is full andn = , then the mapping degree 
(0.2. 1 1) deg(X (/ - ) -> X (|/ - |} ) = a(n). 

□ 

0.2.3. Cohomology and base classes. Finally, we briefly discuss cohomology. If 
X is a reasonable space (topological, scheme, etc.) and H is a reasonable de- 
valued cohomology theory (singular, Chow, etc.), then we have a homomorphism 

(0.2. 12) Sym"(if -(A - )) -> H-(X M ), 

where X^) is the appropriate symmetric product, whose image is called the ring 
of base classes on and denoted B(X^) (abusively so, of course, since it 
depends on X). Similarly, in the relative situation X/B, we get a ring homomor- 
phism ('symmetrization') 

(0.2.13) a : Sym^tf-pT)) - H-(X^), 

whose image is called the ring of base classes on X^ and denoted B(X^). The 
ring B(X^) is clearly generated by images, called polyclasses of classes of the 
form 

(0.2.14) X M [a {X) ]:=a(a x ),\< fi. 

When A = 1, the superscript will be omitted. We also write 
(0.2.15) X M [ ai ---a x } := ayai ■ ■ ■ a\), 

this being simply 

<*-(i) B • • • « a( A) B 1 • • • B 1) 

where n : X^ — > X^ is the natural map and IE refers to exterior cup product 
(restricted on the fibred product). Thus, 

lM[«W]=lW[ a Wl(' , - A »]. 

We will primarily use the natural analogues of these constructions in the relative 
case X/B. Note that the polyclasses are multiplied according to the rule 

min(Ai ,A2) 

(0.2.16) X^[a[ Xl) ]X^[4 X2) ] = Yl X^[a^- V) ■ a£ 2 ~ v) ■ (a lx a 2 )^} 

Given spaces Xi, X r as above, we write 

(Xi x ... x X r )[oti, a r \ — oti Kl • • • Kl a r . 
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These are called base classes on the Cartesian product. In particular, given a 
distribution (n.^), we obtain in this way classes X (n '^[a[ Xl \ ai^]; these are 

r 

again called base classes on the symmetric diagonal locus X ~ FJ X^ n ^\ 

i=i 

We will require some operations on these base classes. Consider a base class 
7 which we write in the form 

(0.2.17) 7 = l( nA »[[]a(n)W n »]. 

Then generally, given any (co)homology vector fa = (fa, fa), with each fa a class 
on Xi, we can define a new (co)homology class by 

(0.2.18) l*t\P] =7Us t (/3) 

where s t is the t-th elementary symmetric function (in terms of the exterior M 
product, where missing factors are deemed = 1). A particular case we will use is 

r 

(0.2.19) X^)[c^\...,c^W^ 
For a single class w< on I, set 

(0.2.20) X^[a[ Xl) ,...,ai x ^] * M M = X^a.^] UrfM 

Similar notations will be used in the case of multipartition data, e.g. 

(0.2.21) xW-^^iajW, (a\) (x ^\ ...] = 

(Xy^-\ ai )W, ...] x (X")( n "- (fl " \a\Y x 'i\ ...] 

Again, all these constructions also have natural analogues in the relative situa- 
tion. 

Also, there are analogues of these constructions with H m (X) replaced by any Q- 
subalgebra of itself. For example, X may be a surface fibred over a smooth curve 
B and endowed with a polarization L, in which case we will usually consider the 
subalgebra 

(0.2.22) K-(X/B) = H-(B)[L,u X /b]. 

0.2.4. Canonical class and half-discriminant. Let X/B be a family of smooth 
curves and 

D m = X% im ~ 2) C XP 
the big diagonal or discriminant. This is a reduced Cartier divisor, denned locally 
by the discriminant function which is a polynomial in the elementary symmetric 
functions of a local parameter of X/B. The associated line bundle 0(D m ) is 
always divisible by 2 as line bundle. One way to see this is to note that D m is the 
branch locus of a flat double cover 

(0.2.23) e : X { ™ } -> X^ ] 
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where X B m ^ = /% m is the 'orientation product', generically parametrizing an 
m-tuple together with an orientation. An explicit 'half of 0(D m ) is given by 



(0.2.24) h = X<z n) [ujx/b] ® w" 1 



(m) 
B 



Indeed e*h is precisely the (reduced) ramification divisor of e, which is half of 
e*£> m . In particular, note that e*h is effective. We also have 

(0.2.25) e *°x { B m} = ® h ~ 1 - 

1 . The cycle map as blowup 

1.1. Set-up. Let 

7T : X -> B 

be a family of nodal (or smooth) curves with X, B smooth. Let X^, X B rn \ respec- 
tively, denote the mth Cartesian and symmetric fibre products of X relative to B. 
Thus, there is a natural map 

i , • v m _^ v( m ) 

which realizes its target as the quotient of its source under the permutation 
action of the symmetric group & n . Let 

m\h m {x/B) = xl n] 

denote the relative Hilbert scheme paramerizing length-m subschemes of fibres 
of Ti, and 

, — , . yH __. v( rn ) 

— ■ ^ B B 

the natural cycle map (cf. [1]). Let D m c X^ m) denote the discriminant locus or 
'big diagonal', consisting of cycles supported on < m points (endowed with the 
reduced scheme structure). Clearly, D rn is a prime Weil divisor on X^\ birational 
to!x B Sym m ~ 2 (X/B), though it is less clear what the denning equations of D m 
on X^ m) are near singular points. The main purpose of Part 1 is to prove 

Theorem 1.1 (Blowup Theorem). The cycle map 



l-ra • B B 



is the blow-up of D m c X 



(m) 



The proof will proceed through an explicit construction of the map c n 
included, locally over This construction will play a crucial role in the entire 
paper and therefore will be studied in greater detail than is required solely to 
prove Theorem 1.1. 
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1.2. Preliminary reductions. To begin with, we reduce the Theorem to a local 
statement over a neighborhood of a 1 -point cycle mp e X^ m) where p e X is a node 

of tt-^ttO?)). Set 



It was shown in [12], and will be reviewed below, that c m is a small birational 
map (with fibres of dimension < min(m/2, max{|sing(X 5 )|, b e B})), all its fibres 
(aka punctual Hilbert schemes or products thereof) are reduced, and that is 
smooth. 

Lemma 1.2. T (m) has no embedded components. 
We defer the proof to §1.5 below. 

Assuming the Lemma, T (m) is an integral, automatically Cartier, divisor, and 
therefore c = c m factors through a map c' to the blow-up B D m(X^), and it would 
suffice to show that c' is an isomorphism, which can be checked locally. This is 
the overall plan that we now set out to execute. First a few reductions. 

Let U clg™' denote the open subset consisting of cycles having multiplicity at 
most 1 at each fibre node. Then U is smooth and the cycle map c m : t^(U) — > U 
is an isomorphism. Consequently, it will suffice to show c m is equivalent to the 
blowing-up of D m locally near any cycle Z e X^ having degree > 1 at some point 
of the locus X a c X of singular points of n (i.e. singular points of fibres). 

Our next point, a standard one, is that it will suffice to analyze c m locally over 
a neighborhood of a 'maximally singular' fibre, i.e. one of the form mp where p 
is a singular point of n. For a cycle Z e X^ n \ we let (X^ m) ) (Z ) denote its open 
neighborhood consisting of cycles Z' which are 'no worse' than Z, in the sense 
that their support supp(Z') has cardinality at least equal to that of supp(Z). 

Similarly, for a fc-tuple Z. = (Z 1 ,...,Z k ) e Y\X { p ] , we denote by (II ^T^.) its 
open neighborhood in the product consisting of 'no worse' multicycles, i.e. k- 
tuples Z'. G n^iT^ sucn that each Z{ is no worse than Z { and the various Z[ are 
mutually pairwise disjoint. We also denote by (X^)( Z ), (Y\X^)^ Z .) the respective 
preimages of the no-worse neighborhoods of Z and Z. via c m and FT c„ H . Now 
writing a general cycle 
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with m, > 0,pi distinct, and setting Z { = rriiPi, we have a cartesian (in each square) 
diagram 

k 



L 


IK 


(na^V) 

i=i 


eit 


□ 


Ui 


H 




s 


e I 


□ 




( vt m h 

\ X B ){Z) 




( v( m h 



Here H is the restriction of the natural inclusion correspondence on Hilbert 
schemes: 

k 

H = {(Ci, (k, C) G (II b X [ p\z.) x (Xf ] ) (z) : Ci C C, < = 1, fe}, 

i=i 

and similarly for S. Note that the right vertical arrows d, d 1 are etale and induce 
analytic isomorphisms between some analytic neighborhoods U of Z and U' of Z. 
and the left vertical arrows e, d are also etale and induce isomorphisms between 

c-^andOIO- 1 ^')- 
Now by definition, the blow-up of in D m is the Proj of the graded algebra 

oo 
n=0 

Note that 
and moreover, 

d*(l D m)=(g)BPKlD^) 

where we use p { generically to denote an ith coordinate projection. Therefore, 
as graded algebras, compatibly with the isomorphism 

k 

O k — (X) B Csym m i (XI B) ■ 

I! b Sym™i(X/B) ^ 
i=i % — 1 

Now it is a general fact that Proj is compatible with tensor product of graded 
algebras, in the sense that 

Proj ((g) B Ai) ~ H B Proj (A)- 
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Consequently (1.2.2) induces another cartesian diagram with unramified vertical 
arrows 



=1 i=i 

t □ T 

H' -> 5' 

I □ I 

l A B )(Z) ► [B D raX B ) {Z) . 

Here B u v^ in a blowup means, Vu,v, the inverse image of V( Z ) via the blowing-up 
map. To prove c' m is an isomorphism, it will suffice to prove that each of its fibres 
over a point 7 lying over Z is schematically a point. Given 7, there is a unique 
point of S' that maps to it and that on the other side maps to a point, say 5 e 

(11 b Bd^X^)^.), that lies over (Z.). Then (O ^7) corresponds isomorphically 

i=i 

to (n Therefore, it suffices to prove that d m . is an isomorphism for each 

i. The upshot of all this is that it suffices to prove c = c m is equivalent to the blow- 
up of in D rn , locally over a neighborhood of a cycle of the form mp,p e X, 
and we may obviously assume that p is a singular point of n. 



1.3. A local model. We now reach the heart of the matter: an explicit construc- 
tion, locally over the symmetric product, of the relative Hilbert scheme in terms 
of coordinates. This construction will stand us in good stead for the remainder of 
the paper, much beyond the proof of the Blowup Theorem. We begin with some 
preliminaries. 

Fixing a fibre node p as above, lying on a singular fibre X , an affine (if p is a 
separating node) or analytic or formal (in any case) neighborhood U of p in X so 
that 7r is given on U by pulling back a universal deformation 

(1.3.1) t = xy. 

Since both the relative Hilbert scheme and the blowing-up process are compati- 
ble with pullback, we may as well assume that U/B is itself given by (1 .3. 1). Then 
the relative cartesian product X%, as subscheme of X m x B, is given locally by 

x lVl = ... = x m y m = t. 

Let crf,crV,i = 0, ...,m denote the elementary symmetric functions in xi, ...,x m and 
in yi, y m , respectively, where we set a — 1. We note that these functions satisfy 
the relations 

d-3.2) > J <, r <P] l J <, r 

(1.3.3) t™-^ = r ' lo^ol. f^o^-i = '"' ' J ^K- 
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Putting the sigma functions together with the projection to B, we get a map 

a : Sym m \U/B) -> A| m = A 2m x B 
a = -of, (-l) m <, -a\, vr^) 

where 7r( m ) : — > 5 is the structure map. 
Lemma 1.3. a is an embedding locally nearmp. 

Proof. It suffices to prove this formally, i.e. to show that af, crj, i, j = 1, m gener- 
ate topologically the completion m of the maximal ideal of mp in X^\ To this end 
it suffices to show that any 6 m -invariant polynomial in the Xi,yj is a polynomial 
in the af, a y - and t. Let us denote by R the averaging or symmetrization operator 
with respect to the permutation action of & m , i.e. 

Then it suffices to show that the elements R(x I y J ), where x J (resp. y J ) range over 
all monomials in xi, x m (resp. y 1; y m ) are polynomials in the af, and t. Now 
the relations (1.3.2-1.3.3) on the image of X% easily implies that 

R^y 1 ) - Rix^Riy 1 ) = tF 

where F is an (5 m -invariant polynomial in the x^yj of bidegree (|/| — 1, \ J\ — 1), 
hence a linear combination of elements of the form R(x I 'y J '), \F\ = \I\ — I, \ J'\ = 
| J | - 1. By induction, F is a polynomial in the af, <rj and clearly so is R(x I )R(y J ). 
Hence so is R(x I y J ) and we are done. □ 

Remark 1.4. It will follow from Theorem 1 and its proof that the equations (1.3.2- 
1.3.3) actually define the image of a scheme-theoretically (see Cor. 1.15 below); 
we won't need this, however. 

Now we present a construction of our local model H. This is motivated by our 
study in [13] of the relative Hilbert scheme of a node. Let d, C m _i be copies of 
P 1 , with homogenous coordinates Ui,Vi on the i-th copy. Let 

C C Ci x ... x C m -i x B 

be the subscheme defined by 

(1.3.4) viu 2 = tuiv 2 ,...,v m - 2 u m -i = tu m - 2 v m -i. 

Thus C is a reduced complete intersection of divisors of type (1,1,0,...,0),(0,1,1,0,..., 
(0, 0, 1, 1) and it is easy to check that the fibre of C over e B is 

m— 1 

(1.3.5) Co=U^> 

i=i 
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where 

Ci = [1,0] x ... x [1,0] xQx [0, 1] x ... x [0, 1] 

and that in a neighborhood of the special fibre C , C is smooth and C is its 
unique singular fibre over B. We may embed C in P m_1 x B, relatively over B 
using the plurihomogenous monomials 

(1.3.6) Z i = u 1 - --Ui-iVi ■ ■■v m _ 1 ,i = 1, ...,m. 
These satisfy the relations 

(1.3.7) ZiZj = V'^Z^Zj^i < j — 1 

so they embed C as a family of rational normal curves C t c P m_1 , t ^ specializing 
to Co, which is embedded as a nondegenerate, connected chain of m - 1 lines. 

Next consider an affine space A 2m with coordinates a , a m _i, do, ^m-i and 
let # c C x A 2m be the subscheme defined by 

(1.3.8) a «i = tv 1 , d v m _i = tu m -i 

aiui = d m -ivi, a m _i-u m „i = div m -i. 

Set Li = p* c .O{l). Then consider the subscheme of Y = H x B U denned by the 
equations 

(1.3.9) F := x m + a m _ x x m - x + ... + a x x + a G T(Y, O y ) 

(1.3.10) Fi := u x x m ~ x +u 1 a m - 1 x m ~ 2 + ... + ma 2 x + men + v x y G r(V, Li) 

Fj := UiX m ~ % + Mia m _ix m " l_1 + ... + Uia i+1 x + u { ai + Vid m - i+1 y + ... + M m -i2/ l_1 + i^y 1 

d.3.11) er(y,L,) 

(1.3. 12) F m := d + d m + ... + d m „ iy m ~ l +y m e T(Y, Oy). 

The following statement summarizes results from [13]. 

Theorem 1.5. (i) H is smooth and irreducible. 

(ii) The ideal sheaf 1 generated by F ,...,F m defines a subscheme of H x B X 
that is flat of length m over H 

(iii) The classifying map 

$ = $ x : # ^ Hilb m (U/B) 

is an isomorphism. 

(iv) $ induces an isomorphism 

m 

(c) = p- A Uo) - Hiib° m (x ) = y cr 

1=1 
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(cf [13]) of the fibre of H over e A 2m with the punctual Hilbert scheme 
of the special fibre X , in such a way that the point [u, v] e Q ~ Q ~ P 1 
corresponds to 

• the subscheme I™(u/v) = (x™-* + (u/v)y i ) e C™ c Hilb° n (X ) ifuv ^ 0, 

• the subscheme (x m+1 ~ i ,y i ) e C™ if[u,v] = [0, 1], 

• the subscheme \x m -\y i+1 ) e C™ if [u,v] = [1,0]. 

(v) over Ui, a co-basis for the universal ideall (i.e. a basis for O/X) is given by 

l,...,x m -\y,...,y l -\ 

(vi) $ induces an isomorphism of the special fibre H ofH over B with Hilb m (X ) , 
and H c H is a divisor with global normal crossings \J D™ where each D™ 

i=0 

is smooth, birational to (x - axis) m ~' i x (y - axis)*, and has special fibre C™ 
under the cycle map p A m . 

Proof The smoothness of H is clear from the denning equations equations and 
also follows from smoothness of Hilb m (U/B) once (ii) and (iii) are proven. To 
that end consider the point q h i = 1, ...,m, on the special fibre of H over A|" with 
coordinates 

Vj = 0, Vj < i] Uj = 0, Vj > i. 
Then % has an affine neighborhood Ui in H defined by 

Ui = {uj = 1, Vj < i; Vj = 1, Vj > i}, 

and these U, h i = 1, ...,m cover a neighborhood of the special fibre of H. Now the 
generators Fj admit the following relations: 

m^iFj- = UjX l_1_J Fj_i, < j < i - 1; ViFj = Vjy 3 ~ l F h m > j > i 

where we set u { = v { = 1 for i = 0, m. Hence X is generated there by F { and 
assertions (ii), (iii) follow directly from Theorems 1,2 and 3 of [13] and (iv) is 
obvious. 

As for (v), it follows immediately from the definition of the F it plus the fact just 
noted that, over Ui, the ideal X is generated by Ft -i,F it and that on U it we have 
Ui-i = Vi = 1. Finally (vi) is contained in [13], Thm. 2. 

□ 

1.4. Excursions about H m . In light of Theorem 1.5, we identify a neighborhood 
H rn of the special fibre in H with a neighborhood of the punctual Hilbert scheme 
(i.e. c m 1 (mp)) in X^ l \ and note that the projection H m — > A 2m x B coincides generi- 
cally, hence everywhere, with a o c m . Hence H rn may be viewed as the subscheme 
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of Sym m (£7 /B) x B C defined by the equations 

a x m ui = tv lt 

(1.4.13) °"m-i M i = vfvi, ...,cr*u m -i =<j y m ^ l v m - 1 , 

tu m -i = cr y m v m -i 

Alternatively, in terms of the Z coordinates, H m may be defined as the subscheme 
of Sym m (U/B) x P™" 1 x B defined by the relations (1.3.7), which define C, together 
with 

(1.4.14) a y Z t = a x m _ t Z t+1 , i = l,...,m-l 

Now having determined the structure of c m along its 'most special' fibre c~ 1 (m(0, 0)), 
we can easily, and usefully, determine its structure along other fibres, as follows. 
For simplicity we assume for the rest of this subsection that B is a smooth curve, 
with local coordinate t, and that the singular fibre X has a unique node p, with 
U being a neighborhood of p in X. 

Let X', X" denote the x, y axes, respectively in U = X n U, with their respective 
origins 0',0". If the special fibre X is reducible, then X',X" globalize to the two 
components of the normalization (which will be denoted in the same way if no 
undue confusion results). If X is irreducible, then both X' and X" globalize to 
the normalization. For any pair of natural numbers (a, b), < a + b < m, set 

(which globalizes to a component (the unique one, if X is irreducible) of the 
normalization of X^ +b . Then we have a natural map 

X^ b ) -> Sym m (f/ ) c Sym m (U/B) 

given by 

(J^miXi, J^nj-j/j) i-> J^77i i (a; i ,0) +^^(0,%) + (m - a - 6)(0, 0). 

This map is clearly birational to its image, which we denote by X^ b \ Thus X^ 
coincides with the normailzation of X^ b \ It is clear that X^ is defined by the 
equations 

< = - = < + i = 0,< = ... = < 1 = 0. 

A point 

c e _ (x( fl+1 ' b ) u X (a ' b+1) ), 

i.e. a cycle in which (0, 0) appears with multiplicity exactly n — m — a — b, is said 
to be of type (a,b). Type yields a natural stratification of the symmetric product 
X^ . Now let be the closure of the locus of schemes whose cycle if of type 
(a, b). i.e. 

(1.4.15) H {a ' b) = closure^" 1 (X (a ' b) - (X (a+1 ' 6) U X (a ' 6+1) ))) C tf m 
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Clearly the restriction of c m on factors through a map 



u m . -i-I ' w , 

c m = (K,...,<),K, ...,<)) 

Approaching the 'origin cycle' m(0, 0) through cycles of type (a, 6), i.e. approaching 
the point (aO',60") on X^ a,6 \ means that a (resp. b) points are approaching the 
origin 0' (resp. 0") along the x (resp. y)-axis. For a cycle c of type (a, b), we have, 
for all j < b, that crj 7^ 0,& m -j = 0, hence by the equations (1.3.8) (setting each 

a« = & m -n di = (T m _i), we conclude vj = 0; thus 

(1.4.16) Ul = ... = U6 = 0; 

similarly, for all j < a, we have cr^ • = 0, 7^ 0, hence again by the equations 
(1.3.8) , we conclude u m _ 3 - = 0; thus 

(1.4.17) U m -i = ... = U m -a = 0. 

Consequently, the fibre of c m over this point is schematically 

m— a— 1 

d-4.18) c m \c) = ~c m \c) = |J C™, 

i=b+l 

provided a + b < m - 2. Ifa + 6 = m- l, the fibre is the unique point given by 

Vi = ... =v b = u b+1 = ... = w m _i = 

(this is the point denoted Q™ +1 in [13], i.e. the subscheme with ideal (x m ~ b , y b+1 )). 
As c approaches the 'origin' (a0',&0") in X (ab) , the equations (1.4. 16), (1.4. 17) per- 
sist, so we conclude 

{m—a—l 
Ql\ 1 ,a + b = m-l. 

Thus, working in over X^ b \ the special fibre is the same as the general 

fibre. Moreover as subscheme of H m x x h is defined by the equations 

(1.4.17) and (1.4.16). And in the special case a + b = m — 2, we see that 
forms a P^bundle with fibre C r b n +l , locally near (a0', 60"). This is a so-called node 
scroll, to be discussed further below. 

Incidentally, in case a + b = m, a similar but simpler analysis shows that the 
fibre c m l ((aft' , 60")) coincides with C™ ~P 1 ifl<6<m — 1 and with the single point 
Q™ +1 if 6 = 0, m. This, of course, is contained in part (vi) of Theorem 1.5 above. 

Summarizing this discussion, a bit more usefully, in terms of Z coordinates, 
we have 
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Corollary 1.6. For any t x + £ 2 < m,£ 1 ,£ 2 > 0, we have, in any component of the 
locus c;f((X')^ x (X")( £2 )) c H m dominating (X') (£l) x (X") ( H that 

Zi = 0,Vi > max(m - ^ + 1, £ 2 + 2), 

[1A - 20] VZ ■ f o \\ 

Mi < mm(£ 2 , m — — 1 ). 

In particular, if £ x + £ 2 = m (resp. £ 1 + £ 2 < m), the only nonzero Zi are where 

i e [£2, h + 1] n [1, m] (resp. ie[l 2 + l,m- £^ n [1, m]). 

Taking to account the linear relations (1.4.14), we also conclude 

Corollary 1.7. (i) For any component (X') e x (X") m ~ e ,0 < £ < m of the spe- 
cial fibre of Ug n \ the unique dominant component of c^((X') e x (X") m ~ e ) 
coincides with the graph of rational map 

(1.4.21) (X'Y x (X") m - £ P^ >Z£+1 C P™- 1 
defined by 

(ii) ditto for I = m (resp. £ = 0), with the constant rational map to [1, 0, ...] (resp. 
••••<>. O: 

(iii) ditto over (X'Y x(X") m - e -\0 <£< m-1, withthe constant map to [...,0,1 m _ £ ,0. 

Now on the other hand, working near a cycle c of type (a, 6) and fixing its off- 
node portion, say of length k = m - n, we also have an obvious identification of 
the same (general) fibre of /X^ over c as the special fibre in a local model 
H n for the length-n Hilbert scheme. Namely, if we let d = n(0, 0) be the part of c 
supported at the origin, then essentially the same fibre c^(c) can also be written 
as 

n 

(1.4.22) c -\d) = {JC] 

3=1 

and naturally C" corresponds to CJ\ b = CJ^ +b . Of course under the identification 
of Theorem 1.5, c~ l (d) corresponds to the punctual Hilbert scheme Hilb®(X Q ). 
So we conclude that the j-th punctual length-n Hilbert scheme component at c 
specializes to the (j + 6)-th length-m Hilbert scheme component at m(0,0) as c 
specializes to m(0,0) over the normalization X (a b) . Note that the analogous fact 
holds for any cycle of multiplicity n at (0, 0) specializing to one of multiplicity m 
at (0, 0), even if its total degree is higher. Thus we have 

Lemma 1.8. As a cycle c on X , having multiplicity n at the origin, approaches a 
cycle d with multiplicity m > n at the origin, so that for some a, b with a + b = m — n, a 
points approach along the x-axis and b points along the y-axis, the punctual Hilbert 
scheme component C" over c specializes smoothly to Cf +b at d. 
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We also see, comparing (1.4.18) and (1.4.19), that the fibre c^-(c) is 'constant', 
i.e. it doesn't depend on c as it moves in X^ a ' b \ Moreover, as c moves in X^ a ' b \ the 
individual components of this fibre, which have to do with branches of x^ n ~ a ~ V) at 
(to— a— 6)(0, 0), X being the entire singular fibre (or what is the same, branches of 
X™ generically along X (a ' 6 )), remain well defined (i.e. not interchanged by mon- 
odromy), and specialize smoothly to similar components on lower -dimensional 
strata. Note that this is true even if X is (globally) irreducible, in which case the 
other a + b branches of X , a from X' and b from X" are globally interchangeable. 
Therefore: 

Lemma 1.9. Notation as in (1.4.15) et seq., we have 

(1.4.23) H (a,b) = \J F (-\b) 

3=1 

where F^ a,V) c H m is the subscheme defined by 

(1.4.24) vi = ... = v j+b = u j+b+ i = .... = u m _i = 
and 

isaF 1 bundle with general fibre . Moreover, c m \ F u:a\ b ) admits two disjoint sections 
with respective general fibres the points corresponding to the punctual schemes of 
tijpeQ'j.Q';.. 

Fixing a, b for now, the Fj = F- a ^ are special (but typical) cases of what are 
called node scrolls. It follows from the lemma that we can write 

Fj = P(L? © L] +1 ) 

for certain line bundles U- on X^ a ' b \ corresponding to the disjoint sections Q", 
where the difference L" +1 is uniquely determined (we use additive notation for 
the tensor product of line bundles and quotient convention for projective bun- 
dles). The identification of a natural choice for both these line bundles, using 
methods to be developed later in this section, will be taken up in the next section 
and plays an important role in the enumerative geometry of the Hilbert scheme. 
But the difference L" — and hence the intrinsic structure of the node scroll 
Fj, may already be computed now, as follows. 
Write 

Qj=nLj),Qj+i = nLj+i) 
for the two special sections of type Q™, Q r - +1 respectively. Let 

Ay, Ar C X (a ' b) 
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be the divisors comprised of cycles containing 0' (resp. 0"). In the local model, 
these are given locally by the respective equations 

Ay = M>Ar = K)- 
Lemma 1.10. We have, using the quotient convention for projective bundles, 

(1.4.25) Fj = F x(aib) (G(-D ff ) © O(-D »)),j = 1, ...,n - I. 

Proof. Our key tool is a C*- parametrized family of sections 'interpolating' between 
Qj and Qj+i. Namely, note that for any s 6 C*, there is a well-defined section I s 
of Fj whose fibre over a general point z e is the scheme 

I a (z) = (sx n -* + y*)l[sch(z), 

where sch(2) is the unique subscheme of length a + b, disjoint from the nodes, 
corresponding to z. 

Claim: The fibre of I s over a point z e D > (resp. z e At) is Q™ (resp. <5"+i)- 
Proof of claim. Indeed set-theoretically the claim is clear from the fact the this 
fibre corresponds to a length-n punctual scheme meeting the rr-axis (resp. y-axis) 
with multiplicity at least n - j + 1 (resp. j + 1). 

To see the same thing schematically, via equations in the local model H n+1 , 
we proceed as follows. Working near a generic point z e D , we can, discard- 
ing distal factors supported away from the nodes, write the singleton scheme 
corresponding nearby cycle z as sch(z) — (x — c,y) where c — > as z — > z , and 
then 

I s (z) = (sx n - j + y j )(x -c,y) = (sx n ~ j+1 - csx n - j - cy j , y j+1 ). 
Thus, in terms of the system of generators (1.3.9), I s (z) is defined locally by 

(1.4.26) cuj-svj = 

(with other [u k ,v k } coordinates either [1,0] for k < j or [0, 1] for k > j. The limit of 
this as c — > is [uj, vj] = [1,0], which is the point Qj. QED Claim. 

Clearly I s doesn't meet Qj or Qj+i away from D > U D » . Therefore, we have 

(1.4.27) I s nQj = Qj.D ,, 

(1.4.28) I s nQ j+1 = Q j+1 .Dff.; 

an easy calculation in the local model shows that the intersection is transverse. 
Because Qj n Q j+1 = 0, it follows that 

(1.4.29) I a ~Q j + D ,.Fj 

(1.4.30) ^Q j+1 + Dff..Fj. 

These relations also follow from the fact, which comes simply from setting s = 
or dividing by s and setting s = oo in (1.4.26), that 

(1.4.31) lim/ s = Qj + D ,.Fj, lim I s = Q j+1 + D^.Fj 
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It then follows that 



{Qjf = Q r (I s - D v .Fj) = Qj.(Q j+ i + (At - D v ).Fj), 

hence 

(1.4.32) {Qj) 2 = Qj{D<r-D v ), 
therefore finally 

(1.4.33) L]-L] +1 = D »-D ,. 

This proves the Lemma. □ 



1.5. Globalization. We now wish to extend the discussion of the last subsec- 
tion, in paticular the notion of node scrolls, to the general case, with higher - 
dimensional base and fibres with more than one node: in this case a node scroll 
becomes a P 1 -bundle over a relative Hilbert scheme associated to a 'boundary 
family' of X/B, i.e a family obtained essentially as the partial normalization of 
the subfaily of X/B lying over the normalization of a component of the locus of 
singular curves in B (a.k.a. the boundary of B). 

To this end let -n : X — > B now denote an arbitrary flat family of nodal curves of 
arithmetic genus g over an irreducible base, with smooth generic fibre. In order 
to specify the additional information required to define a node scroll, we make 
the following definition. 

Definition 1.11. A boundary datum for X / B consists of 

(i) an irreducible variety T with a map 5 : T — > B unramified to its image; 

(ii) a lifting 9:T^Xof5 such that each 9(t) is a node of Xs(t) ; 

(iii) a labelling, continuous in t, of the two branches of X s ^ along 9(t) as x-axis 
and y-axis. 

Given such a datum, the associated boundary family X| is the normalization (= 
blowup) of the base-changed family X x B T along the section 9, i.e. 

X^ = B£ e (X x B T), 

viewed as a family of curves of genus g — 1 with two, everywhere distinct, individ- 
ually defined marked points 9 x ,9 y . We denote by the natural map fitting in the 
diagram 

I \ 
Xx B T -> X 

i i 

T B. 
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Note that any component T of the boundary of B, i.e. the (divisorial) locus 
of singular fibres, gives rise to (finitely many) boundary data in this sense: first 
consider a component T x of the normalization of T x B smg(X/B), which already 
admits a node-valued lifting 9\ to X, then further base-change by the normal 
cone of 0i in X (which is 2:1 unramified, possibly disconnected, over T{], to 
obtain a boundary datum as above. 'Typically', the curve corresponding to a 
general point in T will have a single node 9 and then the degree of 5 will be 1 or 2 
depending on whether the branches along 9 are distinguishable in X or not (they 
always are distinguishable if 9 is a separating node and the separated subcurves 
have different genera) . Proceeding in this way and taking all components which 
arise, we obtain finitely many boundary data which 'cover', in an obvious sense, 
the entire boundary of B. Such a collection, weighted so that each boundary 
component T has total weight = 1 is called a covering system of boundary data. 

Proposition-definition 1.12. Given a boundary datum (T, 5, 9)forX/B and natu- 
ral numbers 1 < j < n, there exists a P 1 -bundle F™(0), called a node scroll over the 
Hilbert scheme (X^ m ~ n K endowed with two disjoint sections Q] t j,Q]+ij> together 
with a surjective map generically of degree equal to deg(S) of 

j=i j=i j=i 

onto the closure in X^ of the locus of schemes having length precisely n at 9, so 
that a general fibre of F"(0) corresponds to the family C™ of lengthen schemes at 9 
generically of type /"(a) , with the two nonprincipal schemes Q™, Q] +1 corresponding 

to Q™j, Q]j +1 respectively. We denote by 5J the natural map of F- l (9) to X^\ 

Proof-construction. The scroll F"(0) is defined as follows. Fixing the boundary 
data, consider first the locus 

F?cTx B X [ ™ ] 

consisting of compatible pairs (t,z) such that z is in the closure of the set of 
schemes which are of type 7" (i.e. x n ~ j + ay j ,a e C) at 9(t), with respect to the 
branch order (9 x ,9 y ). The discussion of the previous subsection shows that the 
general fibre of Fj under the cycle map is a P 1 , namely a copy of C"; moreover 

n-l 

the closure of the locus of schemes having multiplicity n at 9 is the union \J FJ 1 . 

In fact locally over a cycle having multiplicity precisely n + e at 9, F™ is a union of 
components pj n:a ' b \ a + 5 — e , where F < f" a ' b ^ maps to (X') a x (X") b and is defined in 
the local model H n+e by is defined by the vanishing of all Z h i ^ j + b, j + b + 1 or 
alternatively, in terms of u,v coordinates, by 

v 1 = ... = v j+b = u j+b+1 = ... = u n+e = 
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Then F?(9) is the locus 

(1.5.1) {(w,t,z) e {X e T )^ x T F? : Mc m -n(w))+n9 = c m {z),} 

where <p : X e — »■ X is the natural map, clutching together 9 X and 9 y , and 0* is the 
induced push-forward map on cycles. Then the results of the previous section 
show that F™{0) is locally denned near a cycle having multiplicity b at 9 y , e.g. by 
the vanishing of the Z u i ^ j + b, j + b + 1 on 

{(w, u, Z) e (X^)!" 1 ""] x X^ e) x P" +e : 0*(c m _ n H) e + ^ = u 

where . e indicates the portion near 9. The latter locus certainly projects isomor- 
phically to its image in (X^ m ^ x P"+ e , hence F™(9 is a P^bundle over (X^ m ~ n l 
Since admits the two sections Q]j,Q] + ij, it is the projectivization of a de- 

composable rank-2 vector bundle. □ 

In addition to the node scroll F™(9), we will also consider its ordered version, 



3 

i.e. 



8\m—n 



(1.5.2) OFf{9) = Ff{9) x (x a )(m _„) {X* T ) 

and and similarly for OF n j (9). Also, for each n-tuple I c [l,m], the corresponding 
locus in X B m \ i.e. 

(1.5.3) 0F l = {(^.M) G (X|)r™-»1 x t OF; : <^(oc m _ n H) +J>*(0) = c m (z)}, 

iei 

this being the 'node scroll inserted over the /-indexed coordinates. 

1.6. Reverse engineering. Our task now is effectively to 'reverse-engineer' an 
ideal in the as whose syzygies are given by (1.4. 14) and (1.3.7) . To this end, it is 
convenient to introduce order in the coordinates. Thus let OH m = H m Xsym m (u/B) 
U B , so we have a cartesian diagram 



r\ TT TT 
Vtlm >■ H n 

oc m I □ | c r 



(m) 



and its global analogue 



Ji B > A B 



v \m\ zu m v [m] 

A B > Ji B 

OC m | □ | C m 

vm aim v (m) 

Ji B > Ji B 



Note that X^ is normal and Cohen-Macaulay: this follows from the fact that 
it is a quotient by & m of X B , which is a locally complete intersection with sin- 
gular locus of codimension > 2 (in fact, > 2, since X is smooth). Alternatively, 
normality of X^ follows from the fact that H m is smooth and the fibres of 
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c m : H m — > X^ m) are connected (being products of connected chains of rational 
curves). Note that uo rn is simply ramified generically over D rn and we have 



where 



u* m (D m ) = 20D r 



OD m = D Tj 

i<j 



where = p^j(OD 2 ) is the locus of points whose ith and jth components coin- 
cide. To prove c m is equivalent to the blowing-up of D m it will suffice to prove that 
oc m is equivalent to the blowing-up of 20 D m = uj* m (D m ) which in turn is equivalent 
to the blowing-up of OD rn . The advantage of working with OD rn rather than its 
unordered analogue is that at least some of its equations are easy to write down: 
let 

<= n (^-^)> 

l<i<j'<m 

and likewise for v™. As is well known, v" 1 is the determinant of the Van der Monde 

y ■*' 

matrix 



Xi 



m-l 



X 



m—1 



Also set 



Ui 



l (Ui), 



where Ui is as in (1.3.7), being a neighborhood of q { on H m . Then in U\, the 
universal ideal 1 is denned by 

F , Fi — y + (function of x) 

and consequently the length-m scheme corresponding to J maps isomorphically 
to its projection to the rr-axis. Therefore over Ui = w^-(U 1 ), where F splits as 
Yl(x — Xi), the equation of OD m is simply given by 

Gi = v™. 

Similarly, the equation of OD m in U m is given by 



New let 



E : OH m -> P" 1 - 1 



be the morphism corresponding to \Z X , Z m ], and set L = E*(0(1)). Note that Ui 
coincides with the open set where Z { ^ 0, so Z { generates L over Ui. Let 

Or (m) = oc m \OD m ). 
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This is a 1/2-Cartier divisor because 20T^ = ^(rW) and r( m ) is Cartier, H m 
being smooth. In any case, the ideal 0{— OY^ rn) ) is a divisorial sheaf (reflexive of 
rank 1). Our aim now is to construct an isomorphism 

(1.6.1) 7 : 0(-OT (m) ) -> L. 

As we shall see, this isomorphism will easily imply Theorem 1. To construct 7, it 
suffices to specify it on each C/j. 



1.7. Mixed Van der Mondes and conclusion of proof. A clue as to how the 
latter might be done comes from the relations (1.4.2-1.4.3). Thus, set 



(1.7.1) 

Thus, 

(1.7.2) 



d = 



(a y y- 1 

\ ml m _ 

t (i-l)(m-i/2) * ~ t (i-l)(m-i/2) 



(a y y- 1 

Gi, i = 2,...,m. 



G 9 



-Gi, G 3 



a. 



G 2 ,...,G i+1 = -£ 7 G i ,i = l,...,m-l. 



An elementary calculation shows that if we denote by V™ the 'mixed Van der 
Monde' matrix 



V 1 

* -I 



1 

Xi 



1 

-Em 



X-, 



X 



yi 



ivl- 1 



in 

Dm 



then we have 
(1.7.3) 



Gi = ±det(V™),i = l,...,m. 



r Indeed for % — 1 this is standard; for general i, it suffices to prove the 
analogue of (1.7.2) for the mixed Van der Monde determinants. For this, it 
suffices to multiply each jth column of V™ by y jt and factor a t — XjUj out of 
each of rows 2, m - i + 1, which yields 



(1.7.4) 



a« det(VT 



:-i) 



m—i+l^m—iym 



i+1- 



1_ 

From (1.7.3) it follows, e.g., that G m as given in (1.7.1) coincides with w™. Next 
we claim 

Lemma 1.13. G { generates O(-OT^) overUi. 
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Proof of Lemma. This is clearly true where t ^ and it remains to check it along 
the special fibre 0H mfi of 0H m over B. Note that OH mfi is a sum of components 
of the form 

(1.7.5) 0/ = Zeros(xi,i £ 7,^,1 e 7), 7 C {1, ...,m}, 
none of which is contained in the singular locus of OH m . Set 

e, = |J e,. 

\i\=i 

Note that 

Ci x C ©j, i = 1, m - 1 

and therefore 

Note that vanishes to order 1 (resp. 0) on 0/ whenever i e I (resp. i £ I). 
Similarly, x { - x 3 - vanishes to order 1 (resp. 0) on 7 whenever both i,j e 7 C (resp. 
not both i, j e J c ). From this, an elementary calculation shows that the vanishing 
order of Gj on every component of Q k is 

(1.7.6) ord e (G,) = (A;-j) 2 + (A;-j). 

We may unambiguously denote this number by orde fc (G,-). Since this order is 
nonnegative for all k,j, it follows firstly that the rational function Gj has no poles, 
hence is in fact regular on near mp (recall that is normal); of course, 
regularity of Gj is also immediate from (1.7.3). Secondly, since this order is zero 
for k = j,j - 1, and 0^,0^ ! contain all the components of OH rnfl meeting Uj, it 
follows that in Uj, Gj has no zeros besides Or (m) n Uj, so Gj is a generator of 
C(-CT( m )) over Uj. QED Lemma. □ 

The Lemma yields a set of generators for the ideal of OD m : 

Corollary 1.14 (of Lemma). The ideal of OD rn is generated, locally near p m , by 

G±, G m . 

Proof If Q denotes the cokernel of the map mO x ™ — > O x ™ (-OD m ) given by G ± , G n 
then c* m (Q) = by the Lemma, hence Q = 0, so the G"s generate O x ™{-OD m ). □ 

Now we can construct the desired isomorphism 7 as in (1.6. 1), as follows. Since 
Zj is a generator of L over Uj, we can define our isomorphism 7 over Uj simply by 
specifying that 

7(^0 = Zj on Uj. 

Now to check that these maps are compatible, it suffices to check that 

Gj/ Gk = Zj/Z k 

29 



as rational functions (in fact, units over Uj n U k ). But the ratios Zj/Z k are deter- 
mined by the relations (1.4.14), while Gj/G k can be computed from (1.7.2), and 
it is trivial to check that these agree. 

Now we can easily complete the proof of Theorem 1. The existence of 7, together 
with the universal property of blowing up, yields a morphism 

Bc m : OH m — > BoD m X^ 

which is clearly proper and birational, hence surjective. On the other hand, the 
fact that the G's generate the ideal of OD m , and correspond to the Z coordinates 
on OH m c X% x P m_1 , implies that Bc m is a closed immersion. Therefore Bc m is 
an isomorphism. □ 

Corollary 1.15. The image of the relative symmetric product X^ m) under the ele- 
mentary symmetric functions embedding a (cf. Lemma 1.3) is schematically de- 
fined by the equations (1.3.2-1.3.3). 

Proof. We have a diagram locally 

H m C P™- 1 x A 2m x B 
(1.7.7) I I 

X^ l) A A 2m x B. 

We have seen that the image of the top inclusion is denned by the equations 

(1.3.7) , (1.4.14). The equations of the schematic image of a are obtained by 
eliminating the Z coordinates from the latter equations, and this clearly yields 
the equations as claimed. □ 

Now as one byproduct of the proof of Theorem 1.1, we obtained generators of 
the ideal of the ordered half-discriminant OD rn . As a further consequence, we 
can determine the ideal of the discriminant locus D m in the symmetric product 
itself: let 5^ denote the discriminant of F , which, as is well known [5], is a 
polynomial in the of such that 

(1.7.8) 6^ = Gl 
Set 

/ y y+j-2 

(1 ry Q\ V Till ritl 
' ,yJ ~~ f-(i-l)(m-i)+(j-l)(m-j) °x ■ 

It is easy to see that this is a polynomial in the a x and the a v , such that 77^- = GiGj. 

Corollary 1.16. The ideal ofD m is generated, locally near my, by r) itj , i,j = 1, m. 

Proof. This follows from the fact that zu m is flat and that 

™* m (Vi,j) = GiGj,i,j = l,...,m 
generate the ideal of 20 D rn = w* rn (D rn ). □ □ 
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Proof of Lemma 1.2. Consider the function 77^, a priori a rational function on 

X^ m) . Because it pulls back to the regular function G\ on , it follows that 77^ 
is in fact regular near the 'origin' mp. Clearly 77^ vanishes on the discriminant 
D m . Now the divisor of 77^ on [/, pulls back via zu m to the divisor of G\, which also 
coincides with zu* n (T^ rri) ). Because w is finite flat, it follows the the divisor of 77^ 
coincides over Ui with r( m ) and in particular, the pullback of the ideal of D rn has 
no embedded component in C/j. Since the U h i = 1, ...,m cover a neighborhood of 

the exceptional locus in this shows c m 1 (D m ) has no embedded components, 
i.e. is Cartier, as claimed. The reader can check that the foregoing proof is 
logically independent of any results that depend on the statement of Lemma 1.2, 
so there is no vicious circle. □ 
Note that the ideal of the Cartier divisor c* m (D m ) on X [ ™ ] , that is, O x m (-c* m (D m )), 

is isomorphic in terms of our local model H to 0(2) (i.e. the pullback of 0(2) 
from F™- 1 ). This suggests that 0(-c* m {D m )) is divisible by 2 as line bundle on 
X^\ as the following result indeed shows. First some notation. For a prime 
divisor A on X, denote by [m]*(A) the prime divisor on X^ consisting of schemes 
whose support meets A. This operation is easily seen to be additive, hence can 
be extended to arbitrary, not necessarily effective, divisors and thence to line 
bundles. 

Corollary 1.17. Set 

(1.7.10) 
Then 




(1.7.11) O x[m] (-c* m (D m )) ~ x m(2) 

B B 

and 

(1.7.12) O x ^(-ocUOD m )) ~ <0 x m(1). 

Proof The Riemann-Hurwitz formula shows that the isomorphism (1.7.11) is 
valid on the open subset of X^ consisting of schemes disjoint from the locus 
of fibre nodes of ir. Since this open is big (has complement of codimension > 1), 
the iso holds on all of X^K A similar argument establishes 1.7. 12.. □ 

In practice, it is convenient to view (1.7.10) as a formula for u m, with the 

X B 

understanding that O h(1) coincides in our local model with the 0(1) from the 

P m 1 factor, and that it pulls back over xjT 1 = X [ ™ ] x y(m) X™ to the 0(1) associated 
to the blow up of the 'half discriminant' OD m . We will also use the notation 

X B 
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with the understanding that is Cartier, not necessarily effective, but 2r( m ) 
and rl" m l are effective. Indeed is essentially never effective (compare Remark 
2.15). Nonetheless, — r^ m ) is relatively ample on the Hilbert scheme X^ over the 
symmetric product X^ n \ and will be referred to as the discriminant polarization. 

1.8. Globalization II. We will now take up the globalization (over the base B, 
of arbitrary dimension) of the results of the previous section, in their 'Z coordi- 
nate' form, which is more closely related to the blowup structure compared to 
the u, v coordinate form. We will do this for the ordered version of the Hilbert 
scheme, viz with its ordered cycle map to X^ . To this end, a key point is the 
globalization of the G functions on X^, or rather their divisors of zeros. We will 
see that these constitute a chain of m essentially canonical 'intermediate diago- 
nal' divisors, interpolating between the 'x-discriminant' and the 'y-discriminant'. 
These intermediate diagonals are Cartier divisors consisting of the big diagonal 
OD m plus certain boundary divisors, and the common schematic intersection of 
all of them is exactly OD m . Most of our results on the intermediate diagonals are 
contained in the following statement. 

Proposition 1.18. LetX/B be a flat family of nodal curves with irreducible base 
and generic fibre. Let 9 be a relative node ofX/B. Then 

(i) there exists an analytic neighborhood U of 9 in X and a rank-m vector 
bundle G m {9), defined in c X^, together with a surjection in U^: 

(1.8.1) G m (9)^I OD ™ 
giving rise to a natural polarized embedding 

(1.8.2) = BWW) — HTod^M - HG m (0))- 

(ii) For any relatively afflne, etale open U — > U of 9 in X/B in which the 2 
branches along 9 are distinguishable, G rn (9) splits over (U) m as a direct 
sum of invertible ideals G™{6), j = 1, m; 

(iii) Moreover ifV = U\ n^ 1 n(9), i.e. the union of the smooth fibres in U, the 
restriction of each GJ(9) on Vg 1 is isomorphic to T d™- 

Proof construction. Fix a boundary datum (T,5,9) corresponding to 9 as in §1.5. 
We first work locally in X, near a node in one singular fibre. Then we may 
assume the two branches along 9 are distinguishable in U. We let f3 x ,/3 y denote 
the x and y branches, locally defined respectively by y = 0,x = 0. Consider the 
Weil divisor on defined by 



(1.8.3) 



1=2 V J IC [l,m] 



I = i 
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Claim 1.19. We have 

(1.8.4) OD™(0) = zeros(G 1 ). 

where G 1 denotes the locally -defined Van der Monde determinant with respect to 
a local coordinate system as above. 

Proof of claim. Indeed each factor x a — x b of G± vanishes on p*i(P y )p*ic(/3 x ) precisely 
when a,b e I; the rest is simple counting. □ 

Thus, the divisor of G\ is canonically denned, depending only on the choice of 
branch. Given this, it is natural in view of (1.7.1) to define the j-th intermediate 
diagonal along 9 as 

(1.8.5) OD™(9) = OD™{9) + (j - 1) - (j - l)(m-j/2)d e 

where <% = (3 X + (3 y is the boundary divisor corresponding to the node 9. Indeed 
(1.7.1) now shows 

(1.8.6) OD™(9)=zeros(G J ). 

In particular, it is an effective Cartier divisor on 11%. Though each individual 
intermediate diagonal depends on the choice of branch, the collection of them 
does not. Indeed the elementary identity 



d.8.7) <v? = (-tp)v™. 

shows that flipping x and y branches takes -OD^{&) to -OD^ m+1 _ j (9). Now set 

m 

(1.8.8) G m (9) = Q}Gf(9), where Gf(9) = 0(-OD^(9)) 

j'=i 

This rank-m vector bundle is independent of the choice of branch, as is the 
natural map G m {9) — > Ou™- Therefore these data are denned globally over B in a 
suitable analytic neighborhood of 9 m . By Corollary 1. 14, the image of this map is 
precisely the ideal of OD m , i.e. there is a surjection 

(1.8.9) G m (9) -> IqdAuz ->0. 
Applying the P functor, we obtain a closed embedding 

(1.8.10) PCWO ^F(G rn (9)) 

Now the blow-up of the Weil divisor OD m , which we have shown coincides with 
the Hilbert scheme U^, is naturally a subscheme of P(J d™)» whence a natural 
embedding 

(1.8.11) -> F(G m (9)) 
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Note that this is well-defined globally over C/g 1 , which sits over a neighborhood of 
the boundary component in B corresponding to 9, i.e. d e . □ 



It is important to record here for future reference a compatibility between the 
Gf{9) for different m's. To this end let U x , U y c U denote the complement of the y 
(resp. x) branch, i.e. the open sets given by x ^ 0, y ^ 0. 

Lemma 1.20 (Localization formula). We have for alll < j < m - k x - k y , 

Gj + ky(.0)\ Um ~k X ~ky xU k XxU ky = 

(1.8.12) n * t ^m-k x -ky l 

a<b>m—k x —k y 



f um - kx - ky Gj- k *- k *{e)® J] pi b (d a , b ) 



where d a , b is an equation for the Cartier divisor which equals the diagonal in a, b 
coordinates; in divisor terms, this means 

(1.8.13) OD ^3+ky\um-k x -ky xU k XxU ky = p* UTn - kx - ky {OD™ kx ky ) + ^ P*a,b( 0D2 ) 

a<b>m—k x —ky 

where the last sum is Cartier and independent of j. 

Proof We begin with the observation that, for the universal deformation X B of a 
node p, given by xy = t, the Cartesian square X% is nonsingular away from (p,p), 
hence the diagonal is Cartier away from (p, p), defined locally by x\ —x 2 in the open 
set where x 1 ^ or x 2 ^ and likewise for y. Because the question is local and 
locally any deformation is induced by the universal one, a similar assertion holds 
for an arbitrary family. Now returning to our situation, let us write 
and N, K x , K y for the respective index ranges [1, n], [n + 1, n + k x ], [n + k x + k y + 1, m], 
and x N , y N etc. for the corresponding monomials. Then x a — x b is a single defining 
equation for the Cartier (a,b) diagonal whenever a or b is in K x . Then by (1.7.1), 
(1.7.2), we can write G" l +ky (9), up to a unit, i.e. a function vanishing nowhere in 
the open set in question, in the form 

(y N ) ky n (x a - Xb ) n (x a - Xb ) 

U.O.l^j t(j _ 1)(n _ j/2) 11 [Xa Xb) ky j k , 

a<b ty2J 
a or b£K x 

where we have used the fact that ^Jj^l^ is a unit. Now in (1.8.14), the first 
factor is just while the second is the equation of a Cartier partial diagonal. 
The third factor is equal up to a unit to TT (y a — y b ), hence is also the equation 

aeN,b£K y 

of a Cartier partial diagonal. Finally, in the fourth factor, each subfactor (x a - 
x b )/t = y^ 1 - y^ 1 , so this too yields a Cartier partial diagonal. □ 
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Now recall the notion of boundary datum (T,5,9) introduced in §1.5. We are 
now in position to determine globally the pullback of the intermediate diagonals 
to the partial normalization X e T : 

Corollary 1.21. (i) The pullback of Gf +ky (9) on u™~ kx ~ ky ® B u l B kx+ky] extends 
over u™- k *- kv ® B (X^ T kx+ky] to 

(1.8.15) Pu-^ G 7~ kx ~ kv ( e ) ^^i^ 1 ) ® (g) P*(0(-OD™)) 

a<m—k x —ky<b 

where the last factor is invertible; 
(ii) the closure inU™- kx - ky (g) B (X°,) lkx+ky] of the pullback of ODf +ky {9) toU B ~ kx ~ ky (g) B 

Jjlk.+ky] equals 

d.8.16) p^-^od^-^o) + P * xlkx+ky] (r lk * +ky] ) + E p*(° D a, b ) 

a<m—k x ~ky<b 

where each summand is Cartier. 

Proof The first assertion is immediate from the Proposition. For the second, it 
suffices to note that the divisor in question has no components supported off 

U™~ kx ~ ky ® B U B kx+ky \ □ 

As an important consequence of this result, we can now determine the restric- 
tion of the G-bundles (i.e. the intermediate diagonals) on (essentially) the locus 
of cycles containing a node 9 with given multiplicity; it is these restricted bundles 
that figure in the determination of the (polarized) node scrolls. 

Proposition 1.22. Let (T, 5, 9) be a boundary datum, 1 < j, n < m be integers, and 
consider the map 

fi n (z) = c k (z)+n9. 
Then withj = min(j, n), we have 
(1.8.17) 

{n n y{ODf{9)) ~ - ~ J 2 ° + ^ i, x - Q i, y + (n - jo + 1)9^ + (jo - 1)6™ + T™ 
where ip x = uu x o /T <g> O dx is the cotangent (psi) class at 9 X (which is a class from T, 

k 

pulled back to (X e ) lk] ), 9 l x k] = X>*(^) (which is a class from (X e ) k T , pulled back to 

i=i 

(X 6 )™), and likewise for y. 
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Proof. We factor \i n through the map 

We may write Gf as G™ times a partial diagonal equation as above, and the 
inequalities on j ensure that G™ does not vanish identically on P™~ jo+1 x /^ 0_1 , 
where /3 x ,/3j, are the branch neighborhoods of in X?. Then it is straight- 
forward that the last two summands in (1.8.16) correspond to the last three 
summands in (1.8. 17), e.g. a diagonal D™ b with a < n - j + 1 coincides with p£0 x . 
So it's just a matter of evaluating the pullback of OD r -(6). For the latter, we use a 
Laplace (block) expansion of G jo on the first n — j + l rows. In this expansion, the 
leading term is the first, i.e. the product of the two corner blocks. There writing 
x a - %b = dx, a generator of ip x , and likewise for tp y , we get the asserted form as in 
(1.8.17). □ 

2. The tautological module 

In this section we will compute arbitrary powers of the discriminant polariza- 
tion r( m ) on the Hilbert scheme X^K The computation will be a by-product of a 
stronger result determining the (additive) tautological module on X^\ to be de- 
scribed informally in this introduction, and defined formally in the body of the 
chapter (see Definition 2.31). 

The tautological module 

is to be defined as the Q-vector space generated by certain basic tautological 
classes (as described below). On the other hand, let 

Q[r(™>] cAix™) Q 

be the subring of the Chow ring generated by the discriminant polarization. Then 
the main result of this chapter is 

Theorem 2.1 (Module Theorem). Under intersection product, T m is a Q[r (m) ]- 
module; moreover, multiplication by can be desribed explicitly. 

Because 1 e T m by definition, this statement includes the nonobvious assertion 
that 

Q[r (m) ] C T m ; 

in other words, any polynomial in r( m ) is (explicitly) tautological. In this sense, 
the Theorem includes an 'explicit' (in the recursive sense, at least) computation 
of all the powers of r( m ). 

Now the aforementioned basic tautological classes come in two main flavors 
(plus some subflavors). 

36 



(i) The (classes of) (relative) diagonal loci ^^' n2 y this locus is essentially 
the closure of the set of schemes of the form mpi + n 2 p 2 + ■■■ where pi,p 2 ... 
are distinct smooth points of the same (arbitrary) fibre. 

More generally, we will consider certain 'twists' of these, denoted 
r( nii „ 2 ,...)[«i, a 2 ...\, where the a. are 'base classes', i.e. cohomology classes 
on A . 

(ii) The node classes. First, the node scrolls FJ l (9): these are, essentially, P 1 - 

bundles over an analogous diagonal locus r[™p ) associated to a boundary 

family X^, of X B , whose general fibre can be naturally identified with the 
punctual Hilbert scheme component C™ along the node 9. 

Additionally, there are the node sections: these are simply the classes 
_p(m) p where F is a node scroll as above (the terminology comes from 
the fact that T (m) restricts to (9(1) on each fibre of a node scroll). 

All these classes again admit twisted versions, essentially obtained by 
multiplying by bases classes from X. 

Effectively, the task of proving Theorem 2. 1 has two parts. 

(i) Express a product r( m ).r(„.) in terms of other diagonal loci and node 
scrolls, see Proporsition 2.16. 

(ii) For each node 9 and associated (^-normalized) boundary family Xj,, de- 
termine a series of explicit line bundles E 1 -(9),j = l,...,n on the relative 

Hilbert scheme (X^)!^ - "' together with an identification 

F?(6) ~F(E^(9)®E? +1 (9)), 

such that the restriction of the discriminant polarization — on F"(0) 
becomes the standard 0(1) polarization on the projectivized vector bundle 
(see Proposition 2.24); in fact, E™{0) is just the sum of the polarization 
p[m-n] an( j a SU itable base divisor, see (2.4.21), (2.4.22). It then transpires 
that the restriction of an arbitrary power (r( rn )) k on F can be easily and 
explicitly expressed in terms of other node classes coming from the Chern 
classes of E (see Corollary 2.25). 

2.1. The small diagonal. We begin our study of diagonal-type loci and their 
intersection product with the discriminant polarization with the smallest such 
locus, i.e. the small diagonal. In a sense this is actually the heart of the matter, 
which is hardly surprising, considering as the small diagonal is in the 'most spe- 
cial' position vis-a-vis the discriminant. The next result is in essence a corollary 
to the Blowup Theorem 1.1. 

Let T (m ) c X^ be the small diagonal, which parametrizes schemes with 1 -point 
support, and which is the pullback of the small diagonal 

D {m) -IClf 1 . 
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The restriction of the cycle map yields a birational morphism 

Cm • r (m) * X 

which is an isomorphism except over the nodes of X/B. Fix a covering system of 
boundary data {(T.,5.,9.)} and focus on its typical node 9. Let 

i 

be the ideal sheaf whose stalk at each fibre node 9i is locally of type J m as in §0. 
Note that J e m is well-defined independent of the choice of local parameters and 
independent as well of the ordering of the branches at each node, hence makes 
sense and is globally defined on X. 

Proposition 2.2. Via c m , r (m) is equivalent to the blow-up of J 6 m . IJO T{m) (1) j denotes 
the canonical blowup polarization, we have 

(2.1.D Or ( ™,(-r (m) )=^I ) ®Or (m) (l)j. 

Furthermore, iJX is smooth at a node 9, then T( m ) has multiplicity min(i, m— i) along 
the corresponding divisor C™ - {Q™, f° r i = 1, to — 1. In particular, T( m ) is 
smooth along (C? - Q%) U (C^ - Q™^) . 

Proof. We may work with the ordered versions of these objects, then pass to <3 m - 
invariants. We fist work locally over a neighborhood of a point p m e X^ where p 
is a fibre node. We may then assume X is a smooth surface and X/B is given by 
xy = t, as the general case is derived from this by base-change. Then the ideal 
of OD m is generated by G 1 ,..., G rn and d has the Van der Monde form v™, while 
the other d are given by (1.7. 1). We try to restrict the ideal of OD m on the small 
diagonal OD( m y To this end, note to begin with the natural map 

Indeed this map is clearly defined off the singular locus of X^, hence by reflex- 
ivity of X OD ra extends everywhere, hence moreover factors through a map 

T OD m.OD {m) = l ODm <g) D (m) / (torsion) -> u( 2 K 
To identify the image, note that 

(xi -Xj)\ D {m) =dx = x^ 

Jb 

and 7] = = is &. local generator of uj along 9. Therefore 



Gi\oD (m) = xUJ^UJ. 

From (1.7.2) we then deduce 

(m — f i\ ( m\ 

• • 2 )yUryU).;-l.....m. 
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Since G ± ,..., G m generate the ideal I d™ along 6, it follows that over a neighbor- 
hood of 9, we have 

I OD m.OD {m) ~ J e m ® 

This being true for each node, it is also true globally. Consequently, passing to 
the 6 m -quotient, we also have 

I D m.D [m) ~ J B m ®U&). 

Then pulling back to X [ ™ ] we get (2. 1. 1). 

Finally, it follows from the above, plus the explicit description of the model H m , 
that, along the 'finite' part C™ — Q™ +x , T( m ) has equation x m ~ l — uy l where u is an 
affine coordinate on C™ — Q™ +1 , from which our last assertion follows easily. □ 

Now it follows from the Proposition that, given a node 9 of X/B, the pullback 
ideal of J e m on V = D (m) is an invertible ideal supported on the inverse image 

m— 1 

of 9, i.e. y C™{9); we denote this ideal by C?r(l)j« or O v {-e 6 m ). It must not be 

i=i 

confused with the pullback of the reduced ideal of 9. 
Proposition 2.3. We have 

m—l 

(2.1.3) el = Y^P m ,iCr{e) 

i=i 

where the (3 m ^ are asin^O. 

Proof. We may fix and work locally with the universal family xy — t. Clearly the 

m— 1 

support of e m is C m = |J C™, so we can write 

i=i 

m— 1 

e = b C m 

i-l 

and we have 

m— 1 

-e^ = deg(C(l).e m ) = & m>i =: 6 m . 

i=l 

Now the general point on Cf 1 corresponds to an ideal (a:" 1- * + ay'), a e C* and the 
rational function x m ~ i /y i restricts to a coordinate on C™. It follows that if A t c X 
is the curve with equation f t = x m ~ % — ay 1 for some constant a e C*, then its proper 
transform A; meets C m transversely in the unique point g e Q™ with coordinate 
a, so that 

Ai-C m b m {. 

Thus, setting J m i = J m + (/*) we get following characterization of 6 m>i : 

6 m>i = £(O x /J m ,i)- 
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To compute this, we start by noting that a cobasis B m for J m , i.e. a basis for 
Ox/Jm is given by the monomials x a y b where (a, b) is an interior point of the 
polygon S m as in §0; equivalently, the square with bottom left corner (a, b) lies 
in R m . Then a cobasis B„ hi for J m i can be obtained by starting with B m and 
eliminating 

- all monomials x a y b with b > i; 

- for any j with (^) > i, all monomials that are multiples of x( m+ * 3 ) +m ~ l y^S)~ l ; 
the latter of course comes from the relation 

(m+l—j\ (j\ 

x \ 2 )y\2) = o mod J m . 
Graphically, this cobasis corresponds exactly to the polygon S mii in §0, hence 

□ 

Corollary 2.4. Suppose B is 1 -dimensional. With the above notations, we have 

(2.1.4) e l = - a p m 
where a is the number of nodes ofX/B; 

(2.1.5) r( m ).r (m) = J2(3 m ,cr - Q^/b; 

(2.1.6) I (r<™)) 2 = -<7/3L+Q 



2 

,2 



r (m) 



Remark 2.5. The components C" l (9),i = l,...,m - 1 of e m are P^bundles over ^ 
and are special cases of the node scrolls, encountered in the previous section, 
and which will be further discussed in §2.3 below. The coefficients f3 m>i play an 
essential role our intersection calculus. 

For the remainder of the paper, we set 

U) = LOx/B- 

We will view this interchangeably as line bundle or divisor class. 

2.2. Monoblock and polyblock digaonals: ordered case. Returning to our 
family X/B of nodal curves, we now begin extending the results of §2.1 to the 
more general diagonal loci as denned above, first for those that live over all of B, 
and subsequently for loci associated to the boundary. We call these monoblock 
and polyblock diagonals, depending on whether they correspond to a single block 
or to a partition. These loci come in both ordered and unordered versions, the 
ordered version being more convenient, the unordered one the more 'correct' or 

40 



natural one. We begin with the ordered monoblock diagonal, denned as follows. 
For an index-set I c [l,m], set 

(2.2.1) ODf = OD I = P J 1 (OD lIl ) c X%, 

where pj : — > X^' is the projection and OD^ c X^' is the small diagonal; thus, 
OD™ is X^ 7 ) where (7.) is any partition on [l,m] equivalent to the single block I. 
Note that 

(2.2.2) OD m = 0D a,b- 

l<a<b<m 

Also, we have an isomorphism ODf ~ X^ _ ' 7 ' +1 . Let 

(2.2.3) T 7 = r[ ml := oc'^ODj) c xf 11 

These are called (ordered) monoblock diagonal loci (by comparision, the un- 
ordered monoblock diagonals, to be studied below, will be associated to a block 
size rather than a block). . Note that OD It hence r It are denned locally near a 
node by equations 

(2.2.4) Xi-Xj = = yi- y h Vi, j E I. 
Similarly, for any partition 

(I.) = (h,...,I r ) C[l,m], 
we define an analogous locus ( ordered polyblock diagonal ) 

(2-2.5) r, lW , r = r™ |Jr c xjr 1 

and note that 

(2.2.6) r 7lWJr = r h n ... n r Jr 

(transverse intersection). Also 

(2.2.7) T (L) =oc'\OD (L) ) 

where ODy.) c X# is the analogous polyblock diagonal. Note that when (I.) is 
full of length r, we have 

(2.2.8) OD {L) ~ X£ 

Now to analyze a monoblock diagonal locus OD/, a key technical question is 
to determine the part of ODi over the boundary of B; or equivalently, fixing a 
boundary datum (9,T,5), with the associated map : Xf, — > X, to determine 
(0 m )*(O-D/). Fixing such a boundary datum, the answer is as follows, where we 
denote the x and y axes in Xf by X', X" respectively. 

Lemma 2.6. The irreducible components of the boundary ofFj over T are as fol- 
lows: 

41 



(i) for each index-set K , [l,m] D K d I, a locus Qk/i, mapping birationally to 
its image ®k/i c ODi\ 

(ii) for each K c I c = [1, m] \ I, ditto; 

(iii) for each K straddling I and I c , and each j = 1, |7| — 1, a component 
of i:k-i\k--i ^ c of j^ projecting as P 1 -bundle to its image in (X^ m -W\ 
which lies over (X'^' 1 *t (X")* c_/ =: {X^-W- 1 c (X£) m -I 7 L 

Proof We may fix a node and work locally over a neighborhood of 9 in X. From 
the definition and basic properties of node scrolls (see §1.5), the main point is 
to determine the boundary of ODi. But this is easily determined: referring to 
(1.7.5), the latter boundary is given locally by 

|J OD T ne K . 

Kc[l,m] 

Set Qk/i = ODi n Qk- To describe these, there are 3 cases depending on K: 

(i) if I c K, then 

e K/I = (X') K/I x(X")* c ; 

(ii) if I c K c , then 

x// = (X') x x(X") xc// ; 

(iii) otherwise, i.e. if I straddles K and K c , then 

Q K/I = { y . = o,Vi eKUl,Xi = 0,Vi G X C U/} 

= (X')^- J x (X') XC " 7 x =: X^l^-' 

(to specify the special value s e -B, a subscript s may subsequently be 
added in the above). 

Now is an elementary check that the loci of type (i) and (ii) are precisely the 
irreducible components of the special fibre of OD It while the union of the loci 
Qk/i of type (iii) coincides with the intersection of ODj with the fundamental 
locus (=image of exceptional locus) of the ordered cycle map oc m , i.e. the locus 
of cycles containing the node with multiplicity > 1. Also, each Qr/i of type (iii) 
is of codimension 2 in ODi. On the other hand, each such Qr/i = X K ~ I \ RC ~ I is 
just a component of the invese image in X^ of the locus denoted X^ in Lemma 
1.4. 15, where a — \K — I\,b — \K C — I\, and therefore by that Lemma, the ordered 
cycle map over it is a union of P 1 bundles, viz 

I'M 

(2.2.9) oc-^X*-'!^-') = |J OF 1 *- 1 ^- 1 

3=1 

where OF]' k ^ ~* is the pullback of F j m - a - b ^ over x^ 1 ^- 1 , which is a P 1 
bundle with fibre c] 7 ' . This concludes the proof. □ 
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Notice that, given disjoint index-sets K 1 ,K 2 with K x \JK 2 = I c , the number of 
straddler sets K such that K - I = K 1 , K c - I = K 2 is precisely 2™ - 2 (i.e. the 
number of proper nonempty subsets of /). Thus, a given OFj ' Kl ^ K ' 2 will lie on this 
many components of 0. This however is a completely separate issue from the 
multiplicity of OF- :Kl ^ K2 in the intersection cycle T^.Tj, which has to do with the 
blowup structure and will be determined below. 

From the foregoing analysis, we can easily compute the intersection of a 
monoblock diagonal cycle with the discriminant polarization, as follows. We will 
fix a covering system of boundary data (T s , S s , # s ),and recall that each datum must 
be weighted by — L-j. 

Proposition 2.7. We have an equality of divisor classes on IV 

(2.2.10) r^.r 7 = r mi,j} + \i\ I>/u W 

i<j0 i0 

-('2') W> + E 

s j — 1 

where I\{i,j} and I U {i} denote the evident diblock partition and uniblock, re- 
spectively, the 4th term denotes the class of the image of the node scroll on F If 

OF] (0) = OF] :KllK2 (6) , and S 1 ^ is the natural map of the latter to r 7 c X [ ™ ] 

K 1 \\K 2 =I c 

; precisely put, the line bundle on T 7 given by O ri (T^) <g> p* lin ( / )(^ |/| ) is represented 
by an effective divisor comprising the 1st, 2nd and 4th terms of the RHS of (2.2. 1 0). 

Proof. To begin with, the asserted equality trivially holds away from the excep- 
tional locus of oc m , where the 1st, second and third summands come from com- 
ponents T it j of r^ m "l having |/n {i, j}\ = 0, 1,2, respectively. 

Next, both sides being divisors on T It it will suffice to check equality away from 
codimension 2, e.g. over a generic point of each (boundary) locus (X^) K ~^ KC ~ J . 
But there, our cycle map oc m is locally just oc r x iso, r = |/|, with 

We are then reduced to the case of the small diagonal, discussed in the previous 
subsection. 

□ 

The extension of this result from the monoblock to the polyblock case- still 
in the ordered setting- is in principle straightforward, but a bit complicated to 
describe. Again, a key issue is to describe the boundary of a polyblock diagonal 
locus O £)(/.) in terms of the decomposition (1.7.5). Fix a boundary datum (T, S, 9). 
To simplify notations, we will assume, losing no generality, that the partition /. is 
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full. Now consider an index-set K c [l,ra]. As before, K is said to be a straddler 
with respect to a block 7^ of (/.), and I e is a straddler block for if, if 7? meets 
both K and 7f c . The straddler number strad(j.)(7T) of K w.r.t. (J.) is the number of 
straddler blocks Ie. The straddler portion of (7.) relative to K is by definition the 
union of all straddler blocks, i.e. 

(2.2.11) s K (I.)= |J h. 

i e nK^^i e r\K c 

The (resp. y-) -portion of (7.) (relative to K , of course) are by definition the 
partitions 

(2.2. 12) x K (I.) = {h : It C K}, y K (I.) = {I, : h C 
Finally the multipartition data associated to (7.) w.r.t. K are 

(2.2.13) Q> K (I.) = (s K (I.) : x K (I.)\y K (I.)). 

In reality, this is a partition broken up into 3 parts: the nodebound part s K (L), 
a single block, plus 2 at large parts, an x part and a y part. As before, we set 

(2.2.14) x* k(l) = (X') Xk(l) x (X") yK(L) 

and equip it as before with the map to X™ obtained by inserting the node 9 at 
the s K (I.) positions. Now the analogue of Lemma 2.6 is the following 

Lemma 2.8. For any partition (7.) and boundary datum (T, 5,9),, the corresponding 
boundary portion of T( L ) is 

(2.2.15) |J e w u|J |J \JoF^ r -\e) 

strad (J .)(.fO=0 I V . \J I" -=I\h i =1 

Proof. Now, one can easily verify 

(2.2. 16) OD {L) n $ x = X*^ =: e* i(J .) 
so that 

(2.2.17) O%)nl m = |J Q K>{L) . 

ifC[l,ra] 

Now, an elementary observation is in order. Clearly, the codimension of OD^ ) in 
X% is - 1), and this also equals the codimension of OD^ L ) n X™ in X™. On 

the other hand, we have 

(2.2.18) dim(e x , (/ .))=m- I ]T (|7,| - 1) + £ |7 £ 

\ i"^ nonstraddler rellf straddler relK 



= m 
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-^(|7,|-l)-strad (J .)(K). 



It follows that 

• the index-sets K such that @k,(i.) is a component of the boundary ODy.) n 
(Xf.) m are precisely the nonstraddlers; 

• those K such that <S>k,(i.) is of codimension 1 in the special fibre are pre- 
cisely those of straddle number 1 (unistraddlers) . 

Next, what are the preimages of these loci upstairs in the ordered Hilbert 
scheme X^? They can be analyzed as in the monoblock case: 

• if K is a nonstraddler, a general cycle parametrized by &k,(i.) is disjoint 
from the node, so there will be a unique component ®k,(i.) c oc^-(Q k ,(i.) 
dominating Qk,(i.)\ 

• if K is a unistraddler (straddle number = 1) , the dominant components of 
oc£(G K ,(i.)) will be the P 1 -bundles Ff K{I \j = 1, , , s K {I.) - 1; note that if I e 
the unique block making K a straddler, then = (Ig : x K (I .)\y K (I .)); 
moreover as K runs through all unistraddlers, $^(7.) runs through the 
date consisting of a choice of block I e plus a partition of the set of remain- 
ing blocks in two ['x- and y-blocks'); 

• because all fibres of oc m are at most 1 -dimensional, while every compo- 
nent of the boundary is of codimension 1 in r^.), no index-set K with 
straddle number stradg ,)(K) > 1 (i.e. multistraddler) can contribute a 
component to that special fibre. 

This completes the proof. □ 

What the Lemma means is that the analysis leading to Proposition 2.7 extends 
with no essential changes to the polyblock case, and therefore the natural ana- 
logue of that Proposition holds. This is the subject of the next Corollary which 
for convenience will be stated in slightly greater generality to allow for twisting. 
Let us identify 

r 

(2.2.19) r (J0 ~ ]J B X 

3=1 

where I 1 ,...,I r are the blocks. For a collection ai,...,a r of cohomology classes on 
X, recall from Section 0.2.1 the notation 

(2.2.20) r (J .)* t [ai,...,Q! r ] =s t (pl{a lL ),...,p* r (a r ) 

where s t are the elementary symmetric functions. Similarly, for any subvariety 
(or homology class) Y on r (/ ), we have 

(2.2.21) Y * t [«!, or] = r (/ .) * t [a.] U [Y]. 

When t — r, we write Y * r [a.] simply as Y[a.]. We will use this in particular when 
Y = OFj e (9) and note that, because OF 1 - 1 projects to a section (viz. 9 in each of 
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the I t coordinates, we have 

(2.2.22) deg(c^) > dim(S) =>• OF- e [a.] = 0. 

To state our result compactly, it will be convenient to introduce the following 
operations on partitions : 

(2.2.23) C/ M (7.) = (...,/* U I t ,..., It,...) 
(i.e. uniting the A;th and £th blocks), 

(2.2.24) V e (I.,i) = (...,I e Ui,...). 

Corollary 2.9. (i) For any partition I. = Ii\...\I r on [l,m], we have an equality 
of divisor classes on F L : 

(2.2.25) rM.r (L) , Yl r a.|M) + El^lE%(M) 



o ...i !/ : \a + 



+ ^2\ I j\\ I e\ r (u k ,e(i-)) ~ r (i-) *i [('2') 



inhere 

l^l-i 

(2.2.26) [Oif /J -(£)] = E E ^JO^ :/ ' |7 ''V)]. 

(ii) iff. is full, we have 

r rml .r (/ .) = E l / ill / <l r (t/^(/.)) 

j<e 
Mi 



- r (J .) *i 



5 & 3 — 1 



(iii) if J. is full, we have more generally 
(2.2.28) rH.r (L) [ a .] = ^ I^H/^^.^f..., o^c*,, ...a,...] 



-r/rJrv.u, rf ' , , 

, 2 y v 2 

1 l^l-l 

46 



□ 



2.3. Monoblock and polyblock diagonals: unordered case. We need the ana- 
logues of the formulae of the latter section in the (unordered) Hilbert scheme. 
These are essentially straightforward, and may be obtained from the ordered 
versions using push-forward by the symmetrization map w m . We begin with the 
monoblock case. Recall first the the monoblock (unordered) diagonal r (n ) is de- 
fined as a set by 

T( n ) = 07 m (r(j)) 

for any block I of cardinality n. More generally, we may similarly define T( n ) for 
any distribution (n.): this will be considered in detail below. Similarly, if a is any 
cohomology class on X, there is an associated class X^ n l ^[«] on the symmetric 
product X^ l \ and we define 

T (n) [a] = c*(xP 1 - ) [a])- 
alternatively, this could also be defined as 

r (Tt) N= , 1 ^ (i^M 

(m — ny. 

Note the following elementary facts: 
(i) 

(2.3.1) w m ^ m \Yj) = r^.^wrv 

(projection formula, because vj* n {T^) = r^l; NB w is ramified over the 
support of T (m) , still no factor of 2 in ro^(r (m) ), by our definition of T (m) as 
1/2 its support); 

(ii) 

(2.3.2) n7„ M ,(r 7 [a]) = (m-n)!r (n) [a] ,n=|/|>l; 
(iii) 

{(m - n - 2)!r (n | 2 ), n ^ 2; 
2(m - n - 2)!r (2 | 2 ), n = 2, 
(1 + S 2 , n ){m - n - 2)!r (n | 2 ), Vn 

[5= Kronecker delta); 

(iv) 

(2.3.4) S7 m *( r /Uw) = (m-n - l)!r (n+1) ; 
(v) 

(2.3.5) w mif {OF I j :K - mc -\e)) = a\b\F<- n:a]b \e), a = \K - I\,b = \K C - I\ = m - n - a; 

moreover the number of distinct subsets K — I with a = \K — I\, for fixed 
/and a, is ( m ; n )- 
Putting these together, we conclude 
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Proposition 2.10. For any monoblockdiagonalT^,n > 1, we have an equivalence 

of codimension-1 cycles in F( n y. 

(2.3.6) 

□ 

When n = 2, T (n) is just 2r( m \ hence 
Corollary 2.11. 

(2.3.7) (r<->)» ~ ir (2|2) + r (3) - r«- M + £ ^\ E ^Vf' 1 " V,)- 

□ 

Corollary 2.12. We have 
(i) 

(2.3.8) rKr (2) M = r (2 , 2) M + 2r (3) [w] - v (2) [u 2 } 

(ii) 
(2.3.9) 

q m-3 

r<-».r w = 5r (3|2)+ 3r (4) -3r (3)M+ E j^y E ^('f , " |I "^ , («.)+<U^ I " |I "^ > («.))- 

Corollary 2.13. We have 
(i) 

(r e>)* = r^K^)*- 1 ] + £ d^b^, 2 i*(r (2) ) fe - 2 ^i (2:0|0) (^)), fe > 3; 

/i i 
Y^) 3 = -co 2 a, a = {{singular values}]; 
2 2 

(ii) 

(r (3) ) 3 = -4r (3) [o;] + r( 3 )[a; 2 ] 

+ E + ^^ 0|0 (f.)) + ^ 2 ,i*r (3 W :1| >*) + if :0|1) (^))) 

[In Part (ii) we have used the elementary fact that = 0, hence o; i .F 1 2: *(^ s ) = 
0, Vi > 0, because this node scroll maps to 6 S , more precisely to 2[6 S ] c X^ 2) .] 
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Corollary 2.14. Ifm < 3 (resp. m > 3), then the class 

m-2 

(resp, 

m-2 

r rHi ,1 lV^ 1 \^ & 77(2:i a |i m " 2 " a )//i \ 

r ( 2|2)-n VR^d^JL^l (*<) 

is divisible by 2 in the integral Chow group of . □ 
To simplify notation we shall henceforth denote dcg ^ ^ ^ F^(9 S ) simply as F*. 

s 

Example 2.15. This is presented here mainly as a check on some of the co- 
efficients in the formulas above. For X = P\ X^ = F(H°(O x (m))) = P m , 
and the degree of is n(m — n + 1). Indeed this degree may be computed as 

the degree of the degeneracy locus of a generic map nO x — > P£ _1 ((9x(ra)) where 
P x denotes the A;-th principal parts or jet sheaf. It is not hard to show that 
P x '\O x {m)) ~ nO x {m - n + 1). 

For example, r^j is a quartic scroll equal to the tangent developable of its 
cuspidal edge, i.e. the twisted cubic T^j. The rulings are the lines L p = {2p + q : 
q e X}, tangent to the T^j, each of which has class -|r (3) [cj]. Therefore by 
Corollary 2.11, the self- intersection of T^ 3 ) in P 3 (or half the intersection of T^ 3 ) 
with T^, as a class on T^) is represented by r^j plus one ruling L p . 

If m — 4 then is formally a cubic (half a sextic hypersurface) in P 4 , whose 
self-intersection, as given by Corollary 2.11, is half the Veronese plus the 
(sextic) tangent developable T( 3 ), plus one osculating plane to the twisted quartic 
r (4) , representing -r (4) [cu] . □ 

Next we extend Proposition 2. 10 to the polyblock case. Consider a distribution 
n or equivalently a shape (n.) = (n.^),ni > ... > n r , and let (I.) be any partition 
having this shape. Let D^., be the image of r (nM ) in X^K We identify 

(2-3.10) £>£,) ~ H b(X^) = fj B (X^). 

j=l n=oo 

Generally, for any cohomology class a on D™ n „.y we will denote its pullback via 
the cycle map to ) by T( nM )[«]. Some special cases of this are: for a collection 
an,..., a r of cohomology classes on X, and V Xj < fijWj, we will use the notation 
T(„.m )[a[ Al) , ...,«r Ar) ] as in Section 0.2.1; and more generally (3-k t [aS x ^],t < r, for any 
(co)homology class (3 on r (nM ). 
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We need to set up analogous notations for the case of a node scroll and its 
base, which is a special diagonal locus associated with a boundary datum (T, S, 9). 
Thus fix such a boundary datum, and let X', X" be the components of its nor- 
malization along 9 (where by convention X' = X" in case 9 is nonseparating) . 
Define multidistribution data of total length n as 

= (ri£ : n'|n") 

where (n 1 ) UOi") is a distribution of total length n — ne. In other words, if we set 

then n is a distribution of length n. We will usually assume (n) is full of length 
n = m. We view as obtained from n by removing a single block of size m and 
declaring each remaining block as either x type or y type) . Thus is the natural 
unordered analogue of a multipartition <3> and of course to each $ = (J : I'.\P .) 
there is an associated mutlidistribution = (| J\ : | \I" .). 

The special diagonal locus corresponding to this multidistribution (and to the 
boundary datum) is of course 

(2.3.11) x* = rv.)(x') x T r K .)(x") c (x'p x (X")?' 1 

where n' = (n'.^'^n" = (n".^ )). It maps to by adding n e 9. If ^ is nonsep- 
arating, so that X' = X" , we take n" = as usual. The (unordered) node scroll 
Ff(9) is the appropriate (j-th) component of the inverse image of X$ in the Hilbert 

scheme. It is a P 1 -bundle over Xf, with bundle projection c = restriction of cycle 
map. 

Now generally, for any cohomology class a on Xg, we may define a class on 

Ff{9) by 

F*{6)[a] = c*{a). 

More particularly, we will need the following type of class. First, set 

(2.3.12) a{n e : n'|n") = a(n')a(n"). 

Now for a collection of cohomology classes a'., a", on X',X" . respectively, we de- 
fine as in Section 0.2. 1, an associated twisted node scroll class by 

(2.3.13) Ff(9)[a'S x/ \a"S^} = -±^ Wm ^OFf{9)[a.^\) 

where |$| = (cf. (2.2.21)). The numerical coefficient is just the reciprocal of the 
degree of the symmetrization map w : Xf — > xf. Hence the twisted node scroll 
classes are just flat pullbacks of the analogous classes denned on the base X^ of 
the node scroll Ff{9), i.e. 

Ff(9)[a'S x/ \a"S x ^} = c*X}[a'S x '\ a" S x: \ 
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Of course, we also set 

(2.3.14) F^ /fi (0)[a.] = ^ F- ne -'^-\9)[a.] 

(n')Ufe")=(«)W 

Also note that if n' JJ n" = n \ {n e }, then we have 

(2.3.15) «<ttW>_ 1 1 



o(n) «„)(«() fwW-') 



and also 

(2.3.16) 2feVE™d) = 1 

a[n) n(n{i)) 

These are the respective ratios 

deg(OF^ :I '- lr ) F( |j£|:n '- |n "- ) ) 

de g (r (/ .) - r ( „ } ) 

when the special fibre is reducible or irreducible. 

Similarly to the case of partitions, we will use the notation )to denote 

the new distribution (of the same total length) obtained from (n. M ) by uniting a 
block of size n 3 - with one of size rig, i.e. the distribution whose frequency function 
fi u coincides with /i, except for the values 

fi u (nj + ne) = fj,(rij + n e ) + 1. 
nJjhj) = n{rtj) - 1, 
fJ*(n e ) = n(n e ) - 1. 

There is an analogous operation on a cohomological vector (a(n) A(n) ) denned by 

(2.3.17) Uj/ (a x -) = 

(..., a[n 3 + ni ) x ^ +n *\a(n 3 ) - x a(n e )), a^)^)" 1 , .., a(n t ) x ^-\ a(l) A «) 
Now set 

(2.3.18) u {n) (a,b = ^ — — - , a = b 

/%)(W(n)(o) - 1) 

= fi(n.){a + b) + 1 a _^ b 

Note that 

(2.3.19) v(n)(nj,ne) = -7—j= 

deg(r (J0 -> r ( „ } ) 

Now the following result follows directly from Corollary 2.9 by adjusting for the 
degrees of the various symmetrization maps. 
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Proposition 2.16. Let(n.) = (n^ 1 |...|n^ r ) be a full distribution on [l,m], n x > ... > n r , 
and an, ot r cohomology classes onX. Let F* = J2 F^(9 S ) denote various weighted 

s 

node scrolls, with reference to a fixed covering system of boundary data. Then we 
have, : 



r (m) .r (n .)[a. A -.] ~ 5^f(„.)(ni,^)n j n^r (ttw(n . )) [u ji£ (a. A -)] 



nt-l 



1 -i 



6» s separating £ n'. ljn".=n.\{n<} V(„' .){ n l)> 3 

nt-l 



6* s nonseparating £ j=l 



Example 2.17. We have 

(2.3.20) r^.r (2 , 2) 



o m-4 1 

O - ^ — *\ 1 . 2"2 l a |l m — 4 — a 2"l a |2 — 4 — 

-r (2 | 2 |2) + 2r (4) + 2r (3 | 2 ) - r (2 | 2) *i h + ^ / m _ 4 x ( F i ' ' + F i 

Z a=0 Z \ a ) 

Corollary 2.18. We have 
(2.3.21) (r (m) ) 3 ~ 

^r (2 , 2 | 2) + 4r (4) + |r (3 | 2 ) - r {2 , 2) * x [ u ] - 4r (3) M + r(™V] 

1 m_4 1 

1 1 F 2:2,l a |l m - 4 - a p2:l a |2,l m - 4 - a x 

+ o 2 / of"" 4 ") 

a=0 la/ 
m— 3 

.-] a I -| m — 3 — ( (3* l a | l m — ^ — a ) \ 

~2 ) 



+3 ^ (J r 1 (*i-|i- 8 -) + Fs 

a=0 

m-2 

+ L j^r (m) ^ , i ( 2:1 °i im_ : " 



□ 



) 

2 

a=0 

Proposition 2.16 completes one major step in the proof of Theorem 2.1. The 
remaining step will be taken in the next subsection. 

2.4. Polarized node scrolls. What now remains to be done to complete the proof 
of Theorem 2.1 is to work out the intersection product of the discriminant po- 
larization — r^ m \ and all its powers, with a node scroll F. As discussed in the 

52 



introduction to this chapter, this will be accomplished via an analysis of the po- 
larized structure of a node scroll, refining the one given in Lemma 1.10. There 
we found one (decomposable) vector bundle E (over a suitable special diagonal 
locus), such that F = F(E ). The point now is effectively to find a line bundle 
L such that the twisted vector bundle E = E <g> L - which also has F = F(E)) - 
is the 'right one' in the sense that the associated polarization 0^ E )(l) coincides 
with the restriction of the discriminant polarization, i.e. Of{— Y^). We will focus 
first on 'maximal' node scrolls (ones with no diagonal conditions); the formula 
thus obtained is of course still valid in the nonmaximal case but there is can 
and will be usefully explicated. Finally, we will consider everything first in the 
ordered case and descend to the unordered one at the end of the section. 

2.4. 1. Pencils. We begin by studying the case where X/B is a 1 -parameter family 
of curves with a finite number of singular members, all 1 -nodal (the ' 1 -parameter, 
1 -nodal' case). While in this case specifying a singular fibre is equivalent to 
specifying a node, in the general, higher -dimensional base case, it is the latter 
that carries through. As in our study of diagonal classes, we will first consider 
the ordered case. To begin with, we review and amplify some notations relating 
to (multi)partitions and associated diagonal loci for a special fibre X s , analogous 
to those established previously in the relative case over B. Thus, fix a singular 
fibre X s with unique node 9 = 9 S , and let (X',0 X ), (X" ,9 y ) be the components of 
its normalization with the distinct node preimages marked; if X s is irreducible 
(or equivalently, 9 is nonseparating) , then X' = X" as global varieties, but they 
differ in the marking; if necessary to specify the singular value s, the same will 
be denoted (X' s ,e Xt9 ),(X" a ,e y>9 ) . 

In this setting, we recall that a (full) set of multipartition data 

$ = (J : i'.\r.) 

consists of a 'nodebound' block J = 0($), plus a pair of 'x and y partitions /' = 
x($),I" = y($), such that (/.) = J 11(7'.) U(/".) is a ful1 partition on [l,m]. Set 

n = \J\,I' = \Jr e ,F = \jF e ,n' = \r\,n" = \F\, 

i t 

and let 

n'=(n'/-) :=(|/'.|),n"=(n".^"-):=(|/".|) 
be the associated distributions and shapes (with n[ > n' 2 > ... and ditto n".). The 
multidistribution associated to $ is by definition 

= |$| = (n : -n[.\rf .). 

Here again n, n',n" are referred to as the nodebound, x-, and y- portions of 0, and 
denoted 9((f>), x((f>), y(4>) respectively. 

We will say that $ is maximal if each V t and F t is a singleton (and thus repre- 
sents a vacuous condition). In general, we will say that $i -< $ 2 , where $i, $ 2 are 
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full multipartition data, if they have the same J block, and if (I[ ) -< (V 2 ), -< 
(J" 2 .) in the sense denned earlier (i.e. if each non-singleton block of $ 2 is con- 
tained in a block of $J. 
As before, we define 

Xf = X* = x (X"f"\ 

The notation means that the coordinates in a given block are set equal to each 
other. Therefore 

X* ~ X r ' x X r ", 

where r',r" are the respective numbers of blocks in (/'.), (/".). If X s is irreducible, 
Xf depends only on (i 7 .) JJ (/".), therefore in a global context we may, and will 
in this case, always take 7" = 0; however in a local context, specifying (/'.), (/".) 
specifies a sheet of Xf over the origin. We have 

(2.4. 1) $! -< $ 2 =>■ X $1 C X* 2 , 

an embedding of smooth varieties. As before, Xf maps to the Cartesian product 
X™ by putting in the J coordinates. The image is denned by the following 
equations: 

• horizontal 

(2.4.2) yi = 0,Vie JUI', I':=\Jl e ; 

e 

• vertical 

(2.4.3) Xi = 0,Vi G JUI", J" := |J/" £ ; 

• diagonal 

(2.4.4) a;,, -x i2 = 0,Vii,i 2 G I' e ,W; yil - y i2 = 0,VM 2 G J" £ ,V£. 

Notice that the 'origins' X , y (i.e. node preimages) induce a stratification of X*, 
where the stratum of codimension k = k' + k" is the locally closed locus of 
points having exactly k' (resp. k") of their components indexed by /' (resp. J") 
equal to the origin 9 X (resp. 9 y ). 

The node scroll OFf = OFf(9) is a component of the inverse image oc^(X^). It 
is a P 1 bundle over X* whose fibre may be identified with C- over the O-stratum 
«S ,o. There, in terms of the local model H n , the fibre C" c P n 1 is denned by the 
homogeneous equations 

Zi = ... = Zj_i = Zj +2 = ... = Z n = 0. 

In other words, homogeneous coordinates on C™ ~ P 1 are given by Zj, Z j+1 . Now 
recall that under our identification of the local model H n with the blowup of the 
discriminant, the Zi correspond to the generators G it j given by the mixed Van der 
Monde determinants (1.7.3) in the J-indexed variables. 
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Similarly, in terms of the local model H m over a neighborhood of the 'origin' 
{Ox) 1 ' x (9y) r > i- e - the smallest stratum <Sv +n », the fibre C"\_ n „ is coordinatized by 
Z j+n », Zj +n » + i, with the other Z coordinates vanishing, and these correspond to 
the generators G j+n », G j+n » +1 (in all the variables). 

Likewise, over a neighborhood of a point p in the stratum S k >^» c X*, we 
have a local model H n+k i +k » for the Hilbert scheme, and there the fibre becomes 
and is coordinatized by Z j+k >>, Z j+k » +1 , which correspond to the generators 
Gj+k",Gj+k"+i in the appropriate variables (where the components of p are equal 
to 9 X or 9 y ) . 

We need to analyze the mixed Van der Monde determinants restricted on X*. 
To this end, assume to begin that $ is maximal in that (/'.),(/".) have single- 
ton blocks. We also assume for now that the singular fibre X s in question is 
reducible. We work in the local model H n over a neighborhood of the origin. 
Consider a Laplace expansion, along the J-indexed columns, of the mixed Van 
der Monde determinant that yields G j+n ». This expansion has one n x n sub- 
determinant that is equal to G jtJ , and in particular is constant along X $ ; the 
complementary submatrix to this, restricted on the locus X*, itself splits in two 
blocks, of size n' x n',n" x n", which are themselves 'shifts' of ordinary Van der 
Mondes, in the xr,y r variables respectivley, where the exponents are shifted up 
by n — j + 1 (resp. j — 1). The determinant of this complementary matrix on X* 
equals, using block expansion, 

(2.4.5) 7 f' |r,) = CO B ~ i+1 (V 7 ") , '~ 1 II (*a-X b ) (Va-Vb) 

a <ber a<ber 

(where x 1 ' = Yl Xi etc.). Note that x 1 ' is a denning equation for the 're-boundary' 

ier 

(2.4.6) d x X* = IJX^ 1 =: X 9 ** 

ier 

where $ \ i means remove i from /' and add it to J and map the appropriate 
locus to X* as a Cartier divisor by putting 9 X at the ith coordinate; similarly y 1 ". 
The other factors of ^ n:I ^ ) define respectively the big x diagonal D* and big y 
diagonal on X*, i.e. 

(2.4.7) Dt = p\ xl)I , (D'x,), Dy = pl x „ r (D x \,) 

where D X '-D X » are the usual big diagonals. Note also that the G jtJ are globally 
denned along X*. Now define a line bundle on X* as follows: 

(2.4.8) OEfj = O x *(-(n ~ J + 1) d x (X*) - (j - 1) y (X*) - - £>J), 

(s will be omitted when understood) . 

In the irreducible case there is no distinction globally between /' and 7" , so we 
may as well assume 7" = and take Dy = 0; the d x and d y are still defined, and 
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different, based on setting the appropriate coordinates equal to 9 X or 6 y . With 
this understood, we still define OEfj as in (2.4.8). Then the foregoing calcula- 
tions have the following conclusion (NB we are using the quotient convention for 
projective bundles). 

Proposition 2.19. Let X s be a singular fibre and $ = (J : I'.\P .) a set of multi- 
partition data where 7" . = if X s is irreducible. Define line bundles OEf j on Xf 
by 

(2.4.9) OEfj = OEfj" <g) X * 

where $ max is the unique maximal partition dominating $ and OEfj 3 * is defined by 
(2.4.8). Then we have an isomorphism of F 1 -bundles over X* 

(2.4. 10) OF* ~ nOE% © OEf J+1 ) 
that induces an isomorphism 

(2.4.11) O(-r^l) ® 0F * ~ O noEf]S)OEfj+i) (l); 

these isomorphisms are uniquely determined by the condition that over a neighbor- 
hood of a point in S k >,k" c Xf, they take the generators G j+ k»,Gj +k » + i to generators 

7 (n : /'in 7 (n:/'|/") of 0E * p OE* J+1 , respectively. 

Proof. To begin with, note that the requirement of compatibility of (2.4.10) with 
(2.4.24) determines it uniquely over any open set of Xf. 

Next, note that every multipartition set $ is dominated by a maximal one and 
the appropriate P 1 bundles and polarizations restrict in the natural way. In 
fact, quite generally, whenever $ x -< <3> 2 are multipartitions, we have a Cartesian 
diagram of polarized P 1 -bundles: 

OFf 1 -> OFf 2 

(2.4.12) | □ | 

j^<E>i > X® 2 

Therefore is suffices to prove the assertions in case $ is maximal. In that case 
the foregoing discussion yields the claimed isomorphisms in a neighborhood of 
the 0-stratum <S ,o- A similar argument applies in a neighborhood of a point in 
any other stratum. The compatibility of all these isomorphisms with (2.4.24) 
ensures that the local isomorphisms glue together to a global one. 

□ 

Note that (2.4.10) reproves Lemma 1.10, though the latter, of course, does not 
yield the 'correct' polarization and is therefore of little use enumeratively. 

Example 2.20. We have 

(2.4.13) OF^ m = F x ,(0(-26 x ) © 0(-9 x )) 
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Consequently 

(2.4.14) (-r< s >) 2 .OFif s|0) = -3. 

Of course, in this example ordering is irrelevant. 

2.4.2. General families: maximal multipartition. We now take up the extension 
of Proposition 2.19 to the setting of an arbitrary nodal family X/B, where a 
maximal node scroll F"(0) is associated to a relative node 9, or more precisely 
to a boundary datum (T,5,9), as in §1.5 and §1.8. In this setting the scrolls 
Fj l (9) are (polarized, via the discriminant) P^bundles over (X^ m ~ n ^ denned for 
all 1 < j < n < m, and we aim to identify them, or rather more conveniently, 
their pullbacks over the ordered Hilbert scheme (X^y m ~ n \ As in the foregoing 
discussion in the 1 -parameter case, the polarized P 1 -bundle F- l (9) is just the 
projectivization of the rank-2 bundle that is the direct sum of the invertible ideals 
of the intermediate diagonals ODf(9),OD"J l +l (9) via the map 'add n9\ Now these 
ideals were determined in Proposition 1.22. Therefore we conclude 

Proposition 2.21. Let X/B be a family of nodal curves and (T, 5, 9) be a boundary 
datum as in §1.5. Let OE™(9) be the line bundle over (X^ m ~ n ^ defined (in divisor 
notation) by 

oej(9) =-(n-j + i)(9 x y m -'^ - (j - i)(0„) rm - n1 - r r^-^i 

,2415) + ((^)^r(("l +1 >, + Q«. 

Then the pullback of the node scroll FJ l (9) on (Xf,) 1 " 1- ™ 1 is polarized-isomorphic to 

V{OE]{9)®OE] +1 {9)). 

Remark 2.22. Note that interchanging the x and y branches along 9 interchanges 
OE?(0) and OE%_ j+1 (9), hence also the node scrolls Ff and F^_j(9). 

2.4.3. General families: nonmaximal multipartition. Next we extend the basic for- 
mula (2.4.15) for the line bundles OEf(9) making up the node scroll to the case 
where $ is a general, not necessarily maximal, multi-partition. This is essentially 
a matter of computing the restrictions of the various 'constituents' of OEf(9) on a 
general diagonal locus, and is readily done based on our earlier results, notably 
Proposition 2.9. 

Thus let $ = (J : I'.\P.) be a full multipartition on [l,m] where as usual we 
take 7" . = if 9 is a nonseparating node. We set n = \ J\,k = m - n where we may 
assume k < m — 2, and let 

ODic(X e T ) k ,T%c(X e T )W 

be the associated diagonal loci. Note that these are ordinary diagonal loci as- 
sociated to the family X^ (which is disconnected when 9 is separating); in the 
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nonseparating case, T| = r (/ / ) (on Xf,). Therefore, to start with, the restriction of 
r on T| is computed by Proposition 2.9. 

As for 9 x ,9 y , the restriction is quite elementary (and comes from the corre- 
sponding transversal intersection on the cartesian product); namely, in the re- 
ducible case, 

^.r^ = ^|/;b min(/;) (^) 

t 

(2.4. 16) ( |/^b mi „ ( / M (^), 9 separating 

V "' I J2 \I'e\Pmin(i')(9 y ), d nonseparating 
^ i 

Summarizing, we have 

Corollary 2.23. In the situation above we fix an arbitrary full multipartition $ and 
boundary datum (T, 5, 9) and identify a divisor class with the corresponding line 
bundle. Then we have on r$ = r|, suppressing the node 9 for brevity: 
if 9 is separating, 

OEf ~ -rw.r, + 5>min W )H* -j + 1)^)) 

(2.4.17) , _ . x /A 

if 9 is nonseparating, 

OEf ~ - rw.r, + E^ in(/;) (-|/;i((n - J + l)fl x + (J - l)9 y ) 

(2.4.18) £ 

+ ((^) rm - 1 r(( n I y + ^y)- 

2.4.4. Unordered cases. Finally we carry our results over to the unordered case, 
i.e. node scrolls over diagonal loci in the Hilbert scheme itself. This is straight- 
forward, as both the scrolls and related line bundles descend. To state the result, 
we use the following notation: let 

(2.4.19) 0=(n:n'|n") 

be a full multidistribution, i.e. a natural number plus 2 distributions such that 
the total length 

n + ^2^(£) + ^2n"(£) =m. 

t t 

The shape of <p, (n : (n'.^ is defined as before. To a multipartition $ as 

above we associate the multidistribution 

0=|$| = (|J|:|/ / .|||/".|). 
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The locus rj c (X£)[ fe l, k < m - 2, and over it, the scrolls Ff{9) are denned as 
before. As before, we let 

zu$ . 1 $ -> 1 

be the natural symmetrization map, of degree a(ra'.)a(n".). We also define in the 
separating case, for collections 

a[, a' r ,, a" i, a" r << 

of cohomology classes on X ('twisting classes'), 

(2.4.20) rj* fe [a'.; a".] = ^(pO^Vil, pC^V i], ...) 

where s fe is the /cth elementary symmetric function (in all the r' + r" indicated 
variables). There is an analogous notion, with a single collection of twisting 
classes, in the nonseparating case. 

Then the appropriate line bundles on are here given up to numerical equiv- 
alence by: 

9 separating: 

Ef(9) ~ num r«.rj + rj ^ [-n'.(n - j + 1)0, ; - 1)0,] 

(2 - 4 ' 211 + ((^-»r(( n -^ + > + g)w i 

nonseparating: 

~ num r«.rj + * x [- n '.(n - j + i)e x ] 



These bundles have the property, easy to check, that they pull back to OE s j 
whenever <p is the multidistribution associated to $. This suffices to ensure they 
are the 'correct' bundles at least up to torsion. Thus, 

Proposition 2.24. For each boundary datum (T, 5, 9) and multidistribution <j), we 
have a polarized isomorphism oj 'P 1 -bundles over 

(2.4.23) Ff{9) ~ ¥{Ef{9) © Ef +1 (9)) 
where polarized means it induces an isomorphism 

(2.4.24) 0{-Y^).Ff9) ~ O w{EfmEf+im (l). 

Proof. To begin with, in case is maximal the result follows from the ordered 
case by (faithful) flatness of the symmetrization map. 

Given this, one is reduced to checking that the pullback Efj^ to is as in 
(2.4.21) This can be done as in the case of relative diagonal loci (see Proposition 
2.16) □ 
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To state the next result compactly, we introduce the following formal polyno- 
mial 

(2.4.25) s k (a, b) = a k + a k ~ l b + ... + b k = {a k+1 - b k+1 )/{a - b). 

Thus s = 1, s 1 = a + b etc. Also, to avoid confusion, we recall that the polarization 
on a node scroll is given by — rather than +r( m \ 

Corollary 2.25. For a node scroll F = Ff(9) and all £ > 2, we have, setting ej = 

Ef(0): 

(2.4.26) (-T^Y\ F = S ,_ 1 (e„e J+1 )(-r( m )) - ej e J+1 s,_ 2 ( ej , e j+1 ). 

In particular, for any twist a., (-T^y.F[a.] is a linear combination of twisted node 
scrolls and twisted node sections. 

Proof It follows from a standard, analogous formula for the self- intersection of 
the polarization on the projectivization of an arbitrary decomposable bundle, 
which can be easily proved by induction, starting from Grothendieck's formula 
for the case k — 2. □ 

Remark 2.26. Note that in our case, e,j - e j+1 = 9 X - 9 y , so the latter formula can 
be rewritten as 

(2.4.27) (-r^Y\ F = ((ej - e* +1 )(-rW) - e jej+1 (e^ - e^ + \))/([9 x - 9 y \). 

The dividing by [9 X — 9 y ] must be done with care, i.e. one must first expand the 
numerator in some ring where [9 X — 9 y \ is not a zero divisor, then do the dividing, 
and only then impose the remaining relations denning the Chow ring of F. 

Remark 2.27. It is worth noting that intersection products involving the sections 
9 X , 9 y are 'elementary' in view of the fact that 

(2.4.28) 9i = (-ouy- 1 .9 x ,j>l. 

Also, at least on the cartesian product (X^) k , p*(9 x ) is geometrically a copy of 
(Xf.) fc 1 embedded via inserting 9 X at the i-th coordinate, and similarly for prod- 
ucts p*(9 x )p*(9 x ),i ^ j etc. Also, 9 x 9 y = 0, as the sections are disjoint. On the 
other hand intersections on T involving the ip classes ultimately reduce to pure 
psi products, which are the subject of the Witten conjecture, as proven by Kont- 
sevich [4]. 

Note that in the 'extreme' case m = n, the Ef(9) and the node scroll Ff(9) live 
on the base itself T of the boundary datum and we have 

(2-4.29) 4W=( m_ 2 +1 )^+( J 2 )^ 
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Example 2.28. For m = n = 2, F = Ff(9), we have 
(2.4.30) 

(-r (2) ) fc |F = (VT 1 + itf"V« + - + < _1 )(-r (2) ) - W tf (^- 2 + + - + < -2 )- 

In particular, for fc = dim (5) = dim(F) = 1 + dim(T), we have 
(2.4.31) (-T^) k .F = J + + - + 

T 

Note that if B — M g and T = .M^i x M g -i,i, 1 < i < g/2 (the usual i-th boundary 
component), the latter integral reduces to 

3 * -3 / 9 /i 3 (f _i ) _3 



Mi Mg-i 

Note that (2.4.30) and (2.3.10) together imply 

Corollary 2.29. (i) The powers of the polarization on X% 1 are 
(2.4.32) 

(_ r ( 2 ))* = -rfw*- 1 ]^- 

^ E M(^- 3 + + - + ^~ 3 )(-r (2) ) - ^,(^- 4 + vr 5 ^ + ... + ^ y - 4 )) 

s 

(ii) The image of the latter class on the symmetric product equals 

(2.4.33) -rV" 1 ] + \ J2 M(^- 3 + €r% + ... + ^" 3 ) 

s 

Proof (2.4.32) has been proved above; (2.4.33) follows because in the last sum- 
mation in (2.4.32), the terms without r^ 2) , i.e. the twisted node scroll, collapses 
under the cycle map to X^\ □ 

Example 2.30. m = 3, n = 2, dim (5) = 1: 

(2.4.34) (_ r ( 3 )) 2 .F 1 (2:1|0) ((5) = -3 

(see Example 2.20). Consequently, in view of Corollary 2.13, we conclude 

J (r( 3 )) 4 = 13u; 2 - 9a 



(2.4.35) 



,(3,0|0) 



(recall that each F> ' 1 ; , i — 1, 2 is a line with respect to the discriminant polariza- 
tion -r( 3 ). 
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2.5. Tautological module. We are now in position to give the formal definition 
of the tautological module T m and the proof of Theorem 2.1. 

Definition 2.31. Given a cohomology theory A- and a Q-subalgebra R c A(X) Q 
containing the canonical class u, the tautological module T% is the R-submodule of 
A(X^) generated by the twisted diagonal classes T( n .M )[«.] and the direct images 
on the twisted node scroll classes Ff{9) [a.] and the twisted node scroll sections 
_pM .Fj(9)[a\ as (T, 5, 9) ranges over a fixed covering system of boundary data for 
the family X/B. For the default choice R = Q[u],we denote T™ by T m . 

Proof of Theorem 2.1. . We wish to compute the product of a tautological class c 
by T (m) . If c is a (twisted) diagonal class r (n M )[o;.], this is clear from Proposition 
2.16. If c is a twisted node scroll class Ff-, it is obvious. Finally if c is a node 
scroll section — T^ m \Ff- it is clear from the case k = 2 of Corollary 2.25. □ 

Remark 2.32. In the important special case of computing a power (T^) k it is 
probably more efficient not to proceed by simple recursion, but rather to ap- 
ply just Proposition 2.16 repeatedly to express (r( m )) fc in terms of twisted diago- 
nals plus classes (r (m) )*.F for various f s and various F's; then each of the latter 
classes can be computed at once using Corollary 2.25. 

3. Tautological transfer and Chern numbers 

In this chapter we will complete the development of our intersection calculus. 
First we study the transfer operation r m , taking cycles on x|™ 11 to cycles (of 
dimension 1 larger) on X [ ™\ via the flaglet Hilbert scheme X [ ™ ,m ~ 1] . In the Trans- 
fer Theorem 3.3 we will show in fact that for any tautological class u on X^ l \ 
the image T m (u) is a simple linear combination of basic tautological classes on 
X^f\ We then review a splitting principle established in [12], which expresses 
the Chern classes of the tautological bundle A m (E), pulled back on X^ ,m ~ l \ in 
terms of those of A m -\{E), the discriminant polarization T (m) , and base classes. 
Putting this result together with the Module Theorem and the Transfer Theorem 
yields the calculus for arbitrary polynomials in the Chern classes of A m (E). 

3.1. Flaglet geometry and the transfer theorem. In this section we study the 
(m,m - 1) flag (or 'flaglet') Hilbert scheme, which we view as a correspondence 
between the Hilbert schemes for lengths m and m — 1 providing a way of trans- 
porting cycles, especially tautological ones, between these Hilbert schemes. We 
will make strong use of the results of [13]. 
Thus let 

X [m,m-1\ cX [m] x B X [m-1] 
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denote the flag Hilbert scheme, parametrizing pairs of schemes (z 1 ,z 2 ) satisfying 
z 1 D z-2. This comes equipped with a (flag) cycle map 



y[m,m— 1] -y(rri,m— 1) 

where x^' 171 ' 1 ^ c X^ x B X^ m ^ is the subvariety parametrizing cycle pairs (c m > 
c m i). Note that the normalization of x^ mm ^ may be identified with X^" 1-1 ^ x B X; 
however the normalization map, though bijective, is not an isomorphism. Note 
also that we also have an ordered version x B m ' m with its own cycle map 

In addition to the obvious projections 

v [m,m-l] 



(3.1.1) p m S \P: 



m—1 



with respective generic fibres m distinct points (corresponding to removing a 
point from a given m-tuple) and a generic fibre of X/B (corresponding to adding 
a point to a given m - 1 -tuple), x^ l,m admits a natural map 

(3.1.2) a : X^' m - 1] -> X, 

(zi D z 2 ) i ^ ann^i/^) 

(identifying X with the Hilbert scheme of colength-1 ideals). Therefore X [ B ' m ~ 1] 
admits a 'refined cycle map' (factoring the flag cycle map) 

(3.1.3) c : X [ ™' m ~ 1] -> X x B X^ 1 ) 

c = a x (c m _i op m _!). 

Now in [13] (Theorem 5 et seq., especially Construction 5.4 p. 442) we worked 
out a complete model for x B Tl,m ~ l \ locally over xj™ - ' m ~ 1 \ Let 

(3.1.4) H m c ifxC^clfxP™- 1 , 

(3.1.5) E m _ x c X^ x Cp-i, , c X^- 1} x P-; 2 

be respective local models for X^,X^ -1 ' as constructed in §1 above, with coor- 
dinates as indicated. Consider the subscheme 

(3.1.6) H mjjn -i c H m x B H m -i x x h xX ( j ">-i) !) 
defined by the equations 

(3. 1.7) u'fVi = (of - v'^Uiv't, v[u i+l = {a\ - a'^)v i+1 u'i, 1 < i < m - 2 
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or alternatively, in terms of the Z coordinates, 
(3.1.8) Z,Z] = (af - aftZi+iZ'^, i + l<j<m-l 

= (af-a'^Z^Z'^l l<j<i-2. 

To 'explain' these relations in part, note that in the ordered model over X%, we 
have 

af - a[ x = x m , a\ - a[ y = y m 
and then the analogue of (3.1.8) for the G functions is immediate from (1.7.2). 
Then the result of [13], Thm. 5, is that iJ mim _ 1; with its map to x B m ' m ~ 1 " > is isomor- 
phic to a neighborhood of the special fibre over (mp, (m - l)p) of the flag Hilbert 
scheme X^ l ' m ~ 1 K In fact the result of [13] is even more precise and identifies 
H m , m -i with a subscheme of H m x B H m _i and even of E m _ x x B C rn x B X, where the 
map to X is the annihilator map a above. 

As noted in [13], Thm 5, the special fibre of the flag cycle map on if m m i, aka 
the punctual flag Hilbert scheme, is a normal-crossing chain of P^s: 

(3. 1 .9) C m,m-1 = £m y Qm-1 U (™\J...U C^ll U C^-i C C™ X C^ 1 . 

where the embedding is via 
and in particular, 

(3.1.10) crncr 1 = {(Qr+nQr^cr^c?^ = {(qt^qt+i 1 )} 

where Qf = (x m ~ l+1 , y % ) as usual. 

Theorem 3.1. The cycle map c m>m _i exhibits thejlag Hilbert scheme x B 7l ' m ~^ as 
the blow-up of the sheaf of ideals l Dm , m -i :— l D m-i.X D m onl^'™' 1 '. 

We shall not really need this result, just the explicit constructions above, so we 
just sketch the proof, which is analogous to that of Theorem 1.1. To begin with, 
it is again sufficient to prove the ordered analogue of this result, for the 'ordered 
flag cycle map' 

v \m,m-l\ v m 
Jv B — > A B . 

Here _v/J ? m ' m_r ' j s embedded as a subscheme of X^ x x ™ (xjj™" 1 " 1 x B X), and we 
have already observed that as such, it satisfies the equations (3.1.8). 

Now we will use the following construction. Let Ji,T 2 be ideals on a scheme Y. 
Then the surjection of graded algebras 

(0xr)®(0x?)-0(Jix 2 r 

n n n 

yields a closed immersion 

(3.1.11) B£ Xll2 Y Blj, Y Xy B£ l2 Y; 
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the latter is in turn a subscheme of the Segre subscheme 

(3.1.12) P(Z!) x y P(J 2 ) c P(J!® J 2 ). 
In our case, Theorem 1.1 allows us to identify 

OH m ~ B£ IoDm X™, OH m ^ x B X^ B£ IoDm _ l x ^ X% 

(where OH m = H m x v( m> XV} etc.), whence an embedding 

(3.1.13) B^x ODm , m _i X£ - OH m x x % (OH rn ^ x B X) 

As observed above, the generators d ■ G'j satisfy the analogues of the relations 
(3.1.8), so the image is actually contained in OH mm _ x , so we have an embedding 

(3.1.14) Mxo^i x b - OH m ^. 

We are claiming that this is an isomorphism. This can be verified locally, as in 
the proof of Theorem 1.1. □ 
One consequence of the explicit local model for xj^' m_1 ' is the following 

Corollary 3.2. (i) The projection q m _ 1 is flat, with 1 -dimensional fibres; 

(ii) Let z e X^'" 1 ' be a subscheme of a fibre X s , and let z be the part of z 
supported on nodes of X s , if any. Then if z Q is principal (i.e. Cartier) on X s , 
the fibre q^_i(z) is birational to X s and its general members are equal to z 
locally at the nodes. 

Proof, (i) is proven in [12], and also follows easily from our explicit model H m>m _ 1 . 
As for (ii), we may suppose, in the notation of [13], that z is of type /"(a). Now if 
z' e q^^z), then the part z' of z' supported on nodes must have length norn + 1. 
In the former while in the latter case z' Q must equal Q™+1 by [13], 

Thm. 5 p. 438, in which case z' is unique, hence not general. □ 

Next we define the fundamental transfer operation. Essentially, this takes 
cycles from xj^ -1 ' to xj^, but we also allow the additional flexibility of twisting 
by base classes via the m-th factor. Thus the twisted transfer map r m is defined 
by 

(3.1.15) r m : A(xiT 1] ) ® A(X) -> A. (X [ ™ ] ) Q , 

r m = q m *{q* m -i <8> a*)- 

Note that this operation raises dimension by 1 and preserves codimension. Sug- 
gestively, and a little abusively, we will write a typical decomposable element of 

the source of r m as 7/?( m ) where 7 e A.(X^^), f3 e A.(X). The following result 
which computes r m is a key to our inductive computation of Chern numbers. 

Theorem 3.3. (Tautological transfer ) r m takes tautological classes on X^ 11 to 
tautological classes on xj^. More specifically we have, for any class f3 e A.(X): 
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(i) for any twisted diagonal class 7 = r( n .)[aS x ■)], 
(3.1.16) r m ( 7 /3 M ) =r ( (n.)U(D)[«- (A - ) II/ 5 ]; 



(ii) /or any twisted node scroll F[a] = Fj n:n '- |n "°(0)[a', a"], 

r m (F[a]/3 (m) ) = 

(3 ' L17) ^(^)U(i)l^)) K JJ Aa1 + ^IK)U«) [a> « JJ^ 

(iii) for any twisted node section r (m ~ 1) .F[a] with F[a] as above and 

ri. = (nS K) ,...),ni >n 2 > 
and ditto (n" .), we have 
(3.1.18) 

r m (r<™- ^.FH^)) = rM.T ro (F[a]/3 (m) ) 

- n(5Fl n+v - n '^-\e)[a] - nPFj n+1:n '- ln "\9)[a] 

where 8(n.),t is as in (0.2.8) and where (n'.) +e is the distribution obtained 
from (n 1 .) by replacing one block of size n' e with one of size n' e + l. 

Proof Part (i) is obvious. As for Part (ii), the flatness of q rn _i allows us to work 
over a general z e F and then Corollary 3.2, (ii) allows us to assume that the 
added point is a general point on the fibre X s , which leads to (3. 1. 17). 
As for (iii), note that on x^ l,m ~ l \ we can write 

(3.1.19) q* m T^ = q* m _^ m -^ + A< m > 

where A (m) is the pullback from X^~^ x B X of the locus of pairs (z, w) where w 
is a point subscheme of z. Restricted on q^-iF, remains an effective Cartier 
divisor which splits in two parts, depending on whether the point w added to a 
scheme z e F is in the off-node or nodebound portion of z. It is easy to see that 
the first part gives rise to the 2nd and 3rd terms in the RHS of (3. 1. 18). 

The analysis of the second part, which leads to the coefficient n in the last two 
terms of (3.1.18), is a bit more involved. To begin with, it is easy to see that 
we may assume m — n + 1, in which case F is just a P 1 , namely Cj™ -1 . Now as 
in (3.1.9),, the special fibre of the cycle map on <2V^_i(C] n ~ 1 ), as a set, is given by 
CfUCf- l UCf +l and this coincides as a set with A^ m \q m \(Cf' 1 ). As CJ 1 ' 1 collapses 
under q rn , the proof will be complete if we can show that the multiplicity of C™ 
and Cf +1 on A^ .q^^Cf' 1 ) are both equal to n = m - 1. We will do this for Cf +l 
as the case of Cf is similar and only notationally more cumbersome. 
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In that case, our assertion will be an elementary consequence of the equations 
on p. 440, 1. 9-14 of [13], describing the local model H m ^ m _ x , as well as those on 
p. 433, describing the analogous local model H rn , to which equations we will be 
referring constantly in the remainder of the present proof. Note that c m _j (resp. 
b[ _J plays the role of the affine coordinate Ui/vi (resp. Also our j + 1 is 

the i there. We work on q-^CJ 1 ' 1 ) . 

Claim 1 : Over a neighborhood of Q m \(Qj+i) contains C™+ x with multi- 

plicity 1. 

To see this note that the defining equations of CJ 1 ' 1 on X^™" 1 ' are given by 
setting all a' k and d' k , as well as d m _ { _ x to zero . By loc. cit. p. 433 1.9, this implies 
that we have b[ = ... = b\_ 2 = on q^^CJ 1 " 1 ) as well. At a general point of C™ +x , 
c m -i is nonzero. Therefore we may consider c m _j as a unit. By loc. cit. p. 440, 
eq. (15), we conclude a m _, = 0. From this we see easily that all a k = d k = 
except di-i, which is a local equation for C"+ lt while b\ _ 1 is a coordinate along 
C™" 1 having Q™~^ as its unique zero. Now by p. 440 1. 14, b'^ and d^i differ 

by the multiplicative unit — c m _j, therefore b' i _ 1 generically cut out exactly CJ]_ lt 

which proves Claim 1 . 

Claim 2 : The restriction of A( m ) on CJ 1 ' 1 is the subscheme ((&U) n ) = ( d 7-i)- 
To prove Claim 2 we can pull back to the ordered version where the pullback 

of CJ 1 ' 1 is totally ramified, hence can be written as (to — l)U, where U maps 

isomorphically to CJ 1-1 . On the other hand, on the ordered version of ?^ii(C J m_1 ), 

we have 

Xl = ... = Xm = y 1 = ... = y m -i = 

(this by the vanishing of all the a' k ,d' k , which are the elementary symmetric 
functions in xi,...x m _i and y 1 ,...,y m ^ 1 , respectively, and the vanishing of a m -i = 
xi + ... + x m ). Therefore, the pullback of A( m ) is denned by the single nonzero 
generator, that is 

m—1 

\\{y m -y k )=yZ' 1 -dT_-\ 
k=i 

di_i being a coordinate on U ^ CJ 1-1 . From this Claim 2 is obvious. 
The conjunction of Claims 1 and 2 completes the proof of the Proposition. □ 

3.2. Full-flag transfer and Chern numbers. We are now ready to tackle the 
computation of Chern numbers, and in fact all polynomials in the Chern classes 
of the tautological bundle on the relative Hilbert scheme . The computation 
is based on passing from to the corresponding full-flag Hilbert scheme W = 
W m (X/B) studied in [12] and a diagonalization theorem for the total Chern class 
of (the pullback of) a tautological bundle on W, expressing it either as a simple 
(factorable) polynomial in diagonal classes induced from the various X^\ n < to, 
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plus base classes, or, more conveniently, as the product of the Chern class of a 
smaller tautological bundle and a diagonal class. Given this, we can compute 
Chern numbers essentially by repeatedly applying the transfer calculus of the 
last section. 

We start by reviewing some results from [12]. Let 

W m = W m {XjB) > B 
denote the relative flag-Hilbert scheme of X/B, parametrizing flags of subschemes 

z. = (zi < ... < z m ) 
where z, t has length i and z m is contained in some fibre of X/B. Let 

be the canonical (forgetful) maps. Let 

Oi : W rn -> X 

be the canonical map sending a flag z. to the 1 -point support of z^/z^i and 

° m = n °* : wm -* x b 

their (fibred) product, which might be called the 'ordered cycle map'. Let 

X m < O x iu 1 ] xbX 

be the universal ideal of colength m. For any coherent sheaf on X, set 

\ m {E) =p xl ^(p x (E) ® (O x ^ XBX /l m )) 

These are called the tautological sheaves associated to E; they are locally free if E 
is. Abusing notation, we will also denote by X m (E) the pullback of the tautological 
sheaf to appropriate flag Hilbert schemes mapping naturally to X^\ such as W m 
or X^ l ' m ~ 1 K With a similar convention, set 

(3.2.1) = — r^ -1 ^. 

The various tautological sheaves form a flag of quotients on W m : 

(3.2.2) ...Xm.i(E) A mji _i(£') ... 

This flag makes possible a simple formula for the total Chern class of the tauto- 
logical bundles, namely the following diagonalization theorem ( [12], Cor. 3.2): 

Theorem 3.4. The total Chern class of the tautological bundle \ m (E) is given by 

m 

(3.2.3) c(X m (E)) = Y[c(a*(E)(-A^)) 

i=i 
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An analogue of this, more useful for our purposed, holds already on the flaglet 
Hilbert scheme. It can be proved in the same way, or as an easy consequence of 
Thm 3.4 

Corollary 3.5. We have an identity in A.{X [ ™' m ~ 1] ) q : 

(3.2.4) c(X m (E)) = c(X m ^(E))c(a* m (E)(-A^)). 

Proof. By Theorem 3.4, the RHS and LHS pull back to the same class in W m . As 
the projection W m — > x^ l,m ^ is generically finite, they agree mod torsion. □ 

Motivated by this result we make the following definition. 

Definition 3.6. Let Rhea Q-subalgebra of A(X) containing the canonical class uj. 
The Chern tautological ring on X^ l \ denoted 

TC% = TC%(X/B), 

is the R-subalgebra of A(X^) Q generated by the Chern classes of\ m (E) and the 
discriminant class T (m) . 

Remark 3.7. If E is a line bundle, then it is easy to see from Theorem 3.4 that 

c 1 (\ m (E))=mc 1 (E)-T^. □ 
The following is the main result of this paper. 
Theorem 3.8. There is a computable inclusion 

(3.2.5) TC% -> T%. 

More explicitly, any polynomial in the Chern classes of X m (E), in particular the 
Chern numbers, can be computably expressed as a linear combination of standard 
tautological classes: twisted diagonal classes, twisted node scrolls, and twisted 
node sections. 

Proof. For m — 1 the statement is essentially vacuous. For m = 2 it is a conse- 
quence of the Module Theorem 2.1. For general m, we assume inductively the 
result is true for m - 1. Given any polynomial P in the Chern classes of X m (E), 
Corollary 3.5 implies that we can write its pullback on x^'" 1 11 as a sum of terms 
of the form p* ^Q.^^.S where Q e TC™~\ By induction, Q e T™~\ so by the 

X B 

Transfer Theorem 3.3, r m (Q) e Tg 1 . By the projection formula and the Module 
Theorem 2. 1 , it follows that P e TjJ 8 . □ 

Remark 3.9. This result suggests the natural question: is TjJ 1 a ring? more am- 
bitiously, is the inclusion TC^ — ► T^ an equality? 
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3.3. Example: trisecants to one space curve curve. If X is a smooth curve of 
degree d and genus g in P 3 , the virtual degree of its trisecant scroll, i.e. the virtual 

2 

number of trisecant lines to X meeting a generic line, is given by c 3 (/\(A 3 (O x (l))), 
which can be easily computed to be 

(3.3. 1) i(2d 3 - 12d 2 + 16d - U{2g - 2) + 6(2g - 2)) 

3.4. Example: trisecants in a pencil. With X/B as above [B a smooth curve), 
suppose 

/ . x -> P 2 " 1 " 1 

is a morphism. One, quite special, class of examples of this situation arises as 
what we call a generic rational pencil; that is, generally, the normalization of the 
family of rational curves of fixed degree d in P r (so r = 2m - 1 here) that are 
incident to a generic collection A 1 , ...A k of linear spaces, with 

(r + l)d + r - 4 = ^(codim(Aj) - 1); 

see [10] and references therein, or [9] for an 'executive summary'. While our 
result seems new in this case, we note that it applies to curves of arbitrary 
genus. 

Returning to the general situation, one expects a finite number N m of curves 
f(X b ) to admit an m-secant (m - 2)-plane, and this number can be evaluated as 
follows. Let G = G(m — 1,2m) be the Grassmannian of (m — 2)-planes in P 2m _1 , 
with rank-(m + 1) tautological subbundle S, and let L — f*0(l). Then 

m\N m = J c m{m+1) {S*Mw*\ m {L)) 

W m xG 

= J c m+1 (S*(L {1) ))c m+1 (S*(L {2) - A< 2 ))) • ■■c m+1 (S*(L {m) - A (m) )) 

W m xG 

/m m+1 , _j_ i\ 
ike rt w.^)(i (,) -A(^) 
i— i i— n \ J / 
W m xG % ~ v J_u 

= E / ^ + i^,..., m+ i- Jm (^) J {L(i)Y L {L(2) - A^...(L (m) - A<™>)*» 

|0'-)|=ni+l G 

where c Ujt)jW ... = c u c„c TO --- and, applied to S*, represents the condition that an 
(m — 2) -plane in p 2 " 1 " 1 meet a generic collection of planes of respective dimensions 
u,v,w,... Note that only terms with j\ + ■■■ + jk < k + 1, Vfc, can contribute. By the 
intersection calculus developed above, this number can be computed in terms of 
the characters 

b = L 2 ,d = deg 7r (L), u 2 , a, u.L, deg 7r (cu) = 2g - 2, g = fibre genus; 
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in the generic rational pencil case, all these characters can be computed by 
recursion on d. 

Suppose now that m — 3, where the only relevant (J.) are 

(2, 1, 1), (1, 1, 2), (2, 0, 2), (1, 2, 1), (1, 0, 3), (0, 3, 1), (0, 2, 2), (0, 1, 3), (0, 0, 4). 

In each of these cases, it is easy to see that the G integral evaluates to 1. The W 
integrals may be evaluated by the calculus developed above. The general proce- 
dure is to proceed inductively, each time transferring the leftmost factor from the 
Xg from whence it came to X^ +1 \ We will repeatedly be using Corollaries 2.11 
and 2.13, as well as standard projection formulas (for the symmetrization map). 
After the first transfer (to X$, we will treat the resulting term as polynomial in 
r( 3 ) and break things up according to the power of T^ 3 ) involved. The main mul- 
tiplication rules to be used are the following. We will use the notation [a, ...], for 
a base class a, in place of r^.^a, ...], where (1.) is a trivial (singleton blocks only) 
distribution. We also recall that T (3) [a] is short for r (3) [a, 1]). 

Multiplication rules 

(i) 

[a,/3, 7 ].r® = 2(T^[a.(3 7l } +r< s >[a.7,0 + r< 3 >[/?. 7 ,a]) 

(ii) 

T^[a,(3}.r^ = T (3) [a.(3} - r^{a.u,(3} 



The detailed computation follows. 

(2,1,1) that is, L\ x) {L m - A^)(L {3) - A (3) ). First, 



r 2 {LUL m -^)) = [L\L]-2Y^ 



Next, 



r 3 (([L 2 ,L] - 2r( 2 )[L 2 ])L (3) = [L\L^\ - 2r( 3 )[L 2 ,L] = bd 2 - bd, 

r 3 ([L 2 ,L] -2r (2) [L 2 ])T (3) =4r (3) [L 2 ,L] -2r (3) [L 2 ] =2bd-2b 
Thus the total is bd 2 - 3bd + 2b 



b(d-l)(d-2) 
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(1,1,2) : We treat this as a polynomial in T (3) . The terms are as follows. Degree 
0: 

ts(t 2 (l {1) (l {2) - r( 2 ))(r( 2 )) 2 ) + 2t 2 (l (1) (l {2) - r^r^)^) + t 2 (l (1) (l (2) - r( 2 )))L 2 3) ) = 

(as the (T (2 )) 2 doesn't contribute for dimension reasons) 

41^ [L 2 , L] + 4T^[L.u, L] + [L®, L 2 ] - 2T^[L, L 2 } = 2bd + 2dL.u + bd 2 - bd = 

bd + bd 2 + 2dL.cu 

degree 1: similarly 

-2t 3 (2T^[L 2 } + 2T^[L.lo] + [L {2) ]L {3) - 2T^[L]L {3) )T^ = 
-2{2T^[L 2 ]+2T^[L.uj] + [L®] - 2T®[L, L])T® = 
-2(2r (3) [L 2 ] +2T (3) [L.uj] +6T^[L 2 ,L] -2r (3) [L 2 ] + 2T^[L.uj, L]) = 
-2(26 + 2L.U + 3bd - 2b + dL.u) = -2(2L.u + Sbd + dL.u) 

degree 2: 

([l (2) ] -2r (3) [L])(r (3) ) 2 = (2r (3) [L 2 ] +4r (3) [L,L] -2r (3) [L] + 2r (3) [L.cu])r (3) = 

2r (3) [L 2 ] + 4r (3) [L 2 ] - 4r (3) [L.u, L] + 6r (3) [L.u] + 2r (3) [L.u] = 66 - 2dL.uj + 8L.CU 



total: 



-hbd + bd 2 + 6b - 2dL.uj + AL.uj 



(2,0,2) This case is similar to (1,1,2) and easier. The result is 



-2bd - b(2g - 2) + 2b. 



(1,2,1) This is again quite similar to the (2,1,1) case treated above, and yields 



(bd - 2b - L.u)(d - 2) 



(1,0,3) Again we consider this as a polynomial in T (3) and compute term by 
term. For degree we have 

r 3 (6r (2) [L](L (3) ) 2 - 6r (2) [L.cu]L (3) ) = 3bd - UL.uj 

degree 1: 

-3([L,L 2 ]+AT^[L,L]-2T^[lu.L])T^ = 
-3(2T^ [L, L 2 } + [L 2 , L] + AT (3) [L 2 ] - 41^ [L.u, L\ - 2Y {3) [uj.L]) = 

-3(bd + 6rf + 46 - 2du.L - 2uo.L) 

For degree 2: 

3([l (2) ] + 2r (3) [L])(r (3) ) 2 = 3(2r (3) [L 2 ] + 4r (3) [L,L] + 2r (3) [L] -2r (3) [^.L])r (3) = 

3(2r (3) [L 2 ] +4r (3) [L 2 ] -4T^[lo.L,L] +QT (3) [lo.L] - 2T (3) [lo.L}) = 

3(26 + 46 - 2duj.L - Quj.L - 2lu.L) 
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For degree 3: by Corollary 2. 13, we get 

24u.L - du 2 



Summing up, we get -3bd - 3dL.uo + 6b + 6L.u - du 2 
(0,3,1) Expanding, we get 

r 2 ((L (2) - A^) 3 ) = -61^ [L 2 ] - 6F^[u.L] - 2(T^) 3 = -3b - 3u.L 



Since this is a point cycle, multiplying by L( 3 ) - A (3) or L (3) - T (3) again 
just multiplies the coefficient by d — 2, for a total of 



-3b - 3L.uo - {-a + u) 2 )){d - 2) 



(0,2,2) Again working degree by degree in we get: 
degree 0: 

r 3 (2r 2 ((L 2 2) - 2L (2) r( 2 ) + (r^) 2 )^ 2 ))^)) + r 3 (r 2 (L 2 2) - 2L (2) r( 2 ) + (r( 2 )) 2 )(L (3) ) 2 ) = 
41^ [L 2 , L] + 8T® [L.cu, L] + [uj 2 — a,L] — 4F® [L, L 2 ] - 2F® [cu, L 2 ] = 

4du.L + 2d(uj 2 -a)- b(2g - 2) 

degree 1: 

-2r 3 (r 2 ((L 2 2) - 2L (2) r( 2 ) + (r( 2 )) 2 )r( 2 )) + r 2 (L 2 2) - 2L (2) r( 2 ) + (r( 2 )))L (3) )r( 3 ) = 

-2(21^ [L 2 ] + 4T® [uj.L] + [u 2 + a] + [L 2 , L] - [L, L] - [to, L])T^ = 
-2(26 + Alu.L + 2(uj 2 - a) + 2bd - 4b + 2du.L - 2uj.L + 2du 2 ) = 
4b - 4u.L - 4(lo 2 -a)- 4bd - 4du.L - 2du 2 

degree 2: 

([L 2 ] - 41^ [L] - 2T^[oo] + if :1|0) + if :0|1) )(r( 3 )) 2 
( 4r (3)[L 2 ] + 2T^[l,L 2 ]-4T (3) [L]+4T^[L.ij} - 2F, 3) [u] + 2r( 3 V])r (3) - 6a 



4F (3) [L 2 ] + 2r (3) [L 2 ] - 2T^[u;, L 2 ] + 12V, 3) [L.u] + 4r, 3) [L.cu] + 6T (3) [u 2 ] + 2r (3) [. 



6a 



= 4b + 2b- b{2g - 2) + 12L.W + 4L.uj + 6u 2 + 2uj 2 - 6a = 6b - b(2g - 2) + \6uj.L + 8cj 2 - 6o 



The total is 



-2da + 106 + \2uo.L + 4uo 2 -2a- 4bd - 2b(2g - 2) 



(0, 1,3) Again we consider this as polynomial in T^ 3 ). The terms are: 
degree 0: 

r s ((L (2 ) - r( 2 ))(3L 2 r( 2 ) + 3L (3) (r( 2 )) 2 ) = 6r( 3 )[L, L 2 } + 6T^[uj, L 2 } - 6T®[u.L,L] 



3db + 3b(2g -2)- 3duo.L - 3d(uo 2 - a) 
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degree 1: 



-3r 3 ((L {2) - r( 2 ))(4) + 2L (3) r( 2 ) + (r( 2 )) 2 ))r( 3 ) = 

3(-[L,L 2 ] + 2r (3) [l,L 2 ] -4r (3) [L,L] +4T^[lu,L] -2Y^[uj.L] + [lu 2 - a])T (3) = 
3(-2bd - b(2g - 2) - 2b + 2du.L + 2du 2 + 2u.L + 2(u 2 - a)) 



degree 2: 



3r 3 ((L (2) -r( 2 ))(L {3 ) + r( 2 )))(r( 3 )) 2 = 

3([L,L] -2r (3) [l,L] + 2r (3) [L] +2r (3) M)(r (3) ) 2 = 

3((2r (3) [l 2 ] + 4r (3) [l, l] + 2r (3) [u, l] - 2r (3) [L] - 2r (3) [l.lo] + 2r (3) [L] - 2r (3) [uj 2 ] + 2r (3) [cu])r (3) = 

3(2r (3) [L 2 ] -4T^[L.uj,L} + 4r (3) [L 2 ] -2T^[lo 2 ,L} + 2T (3) [uj.L} + QT (3) [L.uj} - 2T (3) [L.uj} - QT (3) [L.lo] 
- 2r (3) [cj 2 ] - 6T {3) [lu 2 }) = 3(66 - 2dL.uo - duo 2 - 8uj 2 ) 

degree 3: 

-r 3 (L (2) - r( 2 ))(r( 3 )) 3 = —([l] - 2r( 3 ))(r< 3 )) 3 = 

(using 2.13 and 2.30) 

= 12L.LU - du 2 + 2Qu 2 + 2(-6<r - 3<r) + da 



Total: -3d& - Zduo.L - rfw 2 + Ada + 126 + 18w.L + 8c; 2 - 24a 



(0,0,4) Proceeding as above, we get: degree 0: 

r 3 (12(r( 2 )) 2 (L ( 3)) 2 + 8(r( 2 )) 3 L ( 3)) = -12T^[u,L 2 ]+8T^[u 2 ) L\+A[u 2 -a,L] = 

-Qb(2g - 2) + Adoo 2 + Ad(uj 2 - a). 

degree 1: 

-4r 3 ((r( 2 ) + L (3) ) 3 )r( 3 ) = -4r 3 (3r( 2 )L 2 3) + 3(r( 2 )) 2 L (3) + (r( 2 )) 3 )r( 3 ) = 

— 4(6r^[l, L 2 } - 6T^[cu,L] + [cu 2 - a])T^ = 
-4(6r (3) [L 2 ] - 6T^[u,L 2 ] - 6r (3) [w.L] + 6r (3 V,L] + 2[u 2 - a]) = 

-246 + 12b(2g - 2) + 2Acu.L - 8cu 2 + 8a 
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degree 2: 

+6r 3 ((L (3) + r( 2 )) 2 )(r( 3 )) 2 = 6r 3 (L 2 3) + 2L (3) .r( 2 ) + (r( 2 )) 2 )(r( 3 )) 2 = 
6([L 2 ] + AT^[L] - 2r< 3 >M + \(Ff m + if :0|1) ))(r< 3 )) 2 = 

6 ( 4r ( 3 )[L 2 ] + 2r( 3 )[i, l 2 ] + 4r (3) [L] - 4T^[l.uj] - 2r (3) [w] + 2r( 3 V] + Vi (2:1|0) + F 1 (2:0|1) )(r( 3 )))r( 3 ) = 

6(4r (3) [L 2 ] + 2r (3) [L 2 ] - 2r< 3 > [w, L 2 ] - 12r (3) [L.lu] - 4r (3) [L.u] + 6r (3) [cu 2 ] + 2r (3) [uo 2 ] - 3a) = 
6(46 + 26 - b(2g - 2) - UL.cu - AL.uj + 6cj 2 + 6cj 2 + 3a) = 6(66 - b(2g - 2) - 16L.u + 8cj 2 - 3a) 

degree 3: 

-4r 3 (r( 2 ) + L (3) )(r( 3 )) 3 = -4(2r( 3 ) + [L])(r( 3 )) 3 = 

-4(-24r (3) [u.L] + 2r (3) [uj 2 , L] + 2(r (3) ) 4 ) = -4(-24uj.L + du 2 + 2(12r (3) [to 2 ] + r (3) [u 2 ] - 6a - 3a) = 

-4(-24cj.L + da; 2 - da + 26cj 2 - 18a) 



degree 4: 



r 3 (r 2 (l))(r( 3 )) 4 = 6(13c 2 -9a) 



Total: 



126 + 2Au.L + Uu 2 



Grand total: 



{3d 2 - 25d + 60)6 + (-12d + 72)L.cu + (-3d + 28)cu 2 - 36(2# - 2) + (3d - 20)a 



This formula has been obtained by other means by Ethan Cotterill [2] 

3.5. Example: double points. Let X/B be an arbitrary nodal family and 
/ : X — > P n a morphism. Consider the relative double points of /, i.e. double 
points on fibres. This locus is given on x\p as the degeneracy locus of a bundle 
map 

0: (n + l)0- A 2 (L),L:= f*0(l). 

By Porteus, the virtual fundamental class of this locus is given by the Segre 
class s n (A 2 (L)*), which equals 



(3.5.1) 



Y,(L 1 ) n -%L 2 -ry,r = rw. 



i=0 



The powers of T can be evaluated using Corollary 2.29. Pushing the result down 
to X\ for simplicity yields 



5>r4 - E^Eav"- 1 ] +Em^' 

1=0 j=0 j = l S,fc 
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■ 2 -v;))^ _i ) 



To describe the direct image of this on B, we need some notation. Recall that 

Kj = ir*(uj j+1 ). Extending this, we may set 

(3.5.2) Kj[L) = 7r*(L J+1 ), Kij(L, M) = n*(U +1 M ]+1 ). 

Note that in our case Kj(L) may be interpreted as the class of the locus of curves 
meeting a generic P n ~ j . Also, for each boundary datum (T s , S s , 9 S ), T s admits a 
map to F n via either the x or ^/-section (the two maps are the same), via which 
we can pull back V , which corresponds to the locus of boundary curves whose 
node 9 S meets F n ~ j . Then pushing the above down to B yields 

n-l 

(3.5.3) 2m 2 = (— l) n (^ Ki-\(L)K n -i-i(L) - K n -j-ij-2(L,u) + J] M£ n ~^~ 2 ~VJ)) 

i=l s,k 

More generally, for any smooth variety Y of dimension n and map / : X — > Y, 
one can use the double-point formula of [12], Th. 3.3ter, p. 1208, to evaluate 
the class of the double-point locus in X\ in terms of the diagonal class A Y on 

Y x Y as 

2m 2 = (f 2 )*(Ay) + J2(-nc n -i(T Y ) 

i>l 

(3.5.4) " x 

= (/ 2 )*(Ay) + E(- r ^ _1 l + 2 E^^'" 3 ^))^^) 

»>1 8,3 

Applying this set-up to the case L = u, one would like in principle to be able to 
compute fundamental classes of loci of hyperelliptics (and more generally, ffl r d 
loci in Tig). The problem is that the naive notion of canonical curve in P 9 1 is 
ill-behaved over the boundary and requires substantial modification there. This 
work is currently in progress. 
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